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AHOTAIIIA

Koeym #.11. Anpokcumaliisi po3B’si3KiB 3a/1a1 ONTUMAJIBHOIO KEepPyBAHHS JIJIsT
piBastab THy Ilepona-Majika. — KpaJsidikaliiitHa HayKoBa Ipallsd Ha IIpaBax
PYKOIIHCY.

Hucepraliist Ha 3700yTTs CTyIIeHs JTOKTOpa (ijocodil 3a creriaabhicTio 111
— Maremaruka. — JIHinpoBcbKuil Hamionaabauil yHiBepeuTeT iMeni Outecst ['on-
gapa MinicrepcTBa ocBiTh 1 Haykm Ykpainu, Jlnimpo, 2024.

HucepTariitna podoTa MpUCBsAYEHa 3a/a9aM ONTHMAJIBLHOTO KepyBaHH JIJIst
KJIacy HEeJIHIMHUX BUPOJZKEHUX eTITHIHIX Ta apaboiuHIX PIBHIHD, 8 TAKOXK
JUTsT KBa3i-TiHITHIX Tapabo/ivHIX PIBHAHD 31 3MIHHUM [TOKA3HIKOM HEJIIHIHHO-
cti. OcHOBHA yBara HPUIISETHCA MUTAHHSIM PO3B’sI3aHHOCTI TaKUX 3aJad Ta
ro KJjacy 3ajiad € Te, 1110 BOHU (POPMYJIIOIOThCs JIjIsI 00’ €KTIB, SIKi OIIMCYIOThCS
PIBHSHHAMU MaTeMaTUJIHOI (Pi3UKKM 3 HEMOHOTOHHMMU Ta HEKOEPIUTHBHUMU
orepaTopaMiu. THIOBUMH IpeICTaBHUKAMI TAKOTO THUIY PIBHAHBL € PIBHIHHA
[Tepona-Mauiika Ta iX y3arajbHeHI BapiaHTU. 3a3Bu4ail TaKUM PIBHSIHHSAM IIPU-
TaMaHHI BIJICYTHICTH allPiOpHUX OIIHOK Ha iX cJIabKi PO3B’SI3KMU Ta HEiCHYBaHHsI
rJ100a/IbHIX PO3B’I3KIB BIJIIIOBIIHIX KpailoBUX 3aja4. B 3B'43Ky 3 IKUM IIHTa-
HH¢ IIOJ0 ICHYBaHHS ONTUMAJIbHUX KepyBaHb TaKMMU 00 €KTaMu HaOyBalOTb
HeTPUBIAJIbHOIO 3BydaHHs. OKpemMoro Ipo0JIeMOI0 TYT BUCTYIIAE IOMIYK CXEM
Ta METOJIIB allpOKCHUMAIIl BIJIMMOBIIHUX 3ajlad ONTUMAaJIbHOIO KepyBaHHS, IIPU
SIKUX BCl 9M JIMIIE JIedKi 1X ONTHMaJIbHI PO3B’SI3KU MOYKHA allPOKCUMYBATHU i3
3a/1aHOI0 TOYHICTIO PO3B’d3KaMM IHIIUX ONTUMIBAIIMHNX 3aJad, 110 € 3HATHO
MPOCTIIIUMHU 3 TOYKU 30pPY 1X MPAKTUYHOI peaJii3aliil.

Hucepraliisg Mae TeoperndHuii xapakrep. OTpuMani pe3y/ibTaTi CKJIalaloTh
HAyKOBHIl iHTepec 1 MOXKYTh OyTH BUKOPUCTAHI Y IOJAJIBIINX JOC/IIJIXKEHHAX 3
Teopil ONTUMAaJILHOTO KEePyBaHHSI.

Y BCTyIli OOIPyHTOBAHO aKTyaJIbHICTH TEeMU JIOCJIJIZKEeHHSI, HABEJICHO OIINC
npeaMeTa Ta 00’€KTa JOCIIZKeHb, 3a3HaUYeHO 3B’ S30K JucepTaliiiHol podoTu 3
HAYKOBHMU IIporpaMaMM, TeMaMH, IiJKpecacHa HayKoBa HOBU3HA, METa, JOC/Ii-

JIZKEHHsI, TIPaKTUYHE 3HAaUeHHsI, 0COOMCTHUIl BHECOK 3j100yBada Ta iH(OpMaIiio
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I10JI0 aIpodallil OTPUMAHUX PE3YJIbTATiB.

B nepwomy po3diai HaBOJSTHCST OCHOBHI BiJIOMi pe3y/ibTaTu Ta pakTh 3 He-
JIHIHOTO (PYHKIIOHAJILHOTO aHa I3y Ta Teopil PIBHAHD B YACTHHHUX TTOXiTHUX,
dKl CyTTEBO BUKOPUCTOBYIOThCS B I10JIAJIBIIOMY aHaJ i3l ——————— 30Kpema,
JIAI0ThCA O3HAUYEHHS Ta OCHOBHI BjIacTUBOCTI IIpocTopiB CobosteBa Ta CobosieBa~
OpJinya, a TakoxK TEOpeMU BKJAJEHHs, sIKi 3 HUMU 10B s13aHi. OKpeMuM IyH-
KTOM BHUCTYHAIOTH ITPOCTOPU (PYHKITIH 3 00MeXKeHOI0 Bapialli€io Ta BJIACTUBO-
CTI KOMITAKTHOCTI OOMEXKEeHUX MHOXKHMH B Takux mpocropax. HaBojsTbcs Bi-
Jomi pesysibratn Boccardo-Murat cTocoBHO 1MOTOYKOBOI 301:KHOCTI I'DaJli€HTIB
PO3B’4I3KiB HellapaMeTPU30BaHIX HeJIIHIMHIX eJTIITUIHIX Ta 1apabo/iaHIX PiB-
HsTHb. 3a3HA4YeHo, IO IIONPHU HasABHY cJIabKy 30i:KHICTH I'paJiieHTIB Vuy, sKi

3a0€e31eIyI0Th YMOBU T'PAHUYHOIO MEPEXO/Ty B PIBHAHHIX THUITY

—diva(x,u,, Vu,) = fn+9, B Q,

+A(un) = fn+gn B (O,T) x (1,

Ma€ Micrie 11X 1moTo4YkoBa 30iKHicTh. Ha 3aBepiieHHst po3/iiiy, HaBOISITHCS pe-
3yabTaTn zZKnkosa B.B. npo yzaranbaenns Bijomoro pesyibrary Tartar—Murat’a,
KU HA3UBAIOTH HPUHIIUIIOM KOMIIEHCOBAHOI KOMITAKTHOCTI.

pyeuti po3dia NPUCBSYEHO JIOCIIIZKEHHIO OJHOIO KJIACY ONTHMI3aliitHIX
3aJ1ad, KoJI 00’ €KTOM KepyBaHHsI BIUCTYIIa€ KpaiioBa 3ajiada Heitmana jij1st cTa-
nionapraoro piBHsiHHS [lepona-Maiiika, sike B CBOIil IOJIOBHIN YacTHHI MICTUTH
HEKOEPIUTUBHUI Ta, HEMOHOTOHHUI JcpepeHIiaIbHII olepaTop JUBEPreHTHO-

I'o THUILY. A CaMe, PO3IJIAOa€ThCA TaKa 3aJad9a OIITUMaJIbHOT'O KEPYBaHHA

(R) Minimizysaru J(v,u) / lu — ug|* do + = / \Vu|2dx—|—

2
d D|———
2/‘0‘ x+/9 1+\Vu|2

3a HAIBHOCTI OOMEXKeHb

: Vu
—div m +au=v B Q,

o,u=0 mna 0°,
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O0<u(x) <M wmc.B

v E Yy = LQ(Q).

XapaKTepHOIO O0COOJIMBICTIO TaKol 3ajJadl € Te, MO BOHA (POPMYJIIOETHCS JIJIsd
KBa31-JIIHIfIHOrO eJIIIITUYHOIO PIBHAHHS 3 HEMOHOTOHHUM Ta HEKOEPIUTUBHUM
JINBEPTeHTHUM OIlepaToOpoM. K HAC/IJIOK, iCHyBaHHS PO3B’S3KIB BIiJIITOBITHOI
KpaltoBol 3a/ia4l IpU KOXKHOMY JIOIYCTUMOMY KEPYBaHHI, X OCHOBHI TOIIOJIOT Y-
Hi Ta (DYHKIIOHAJBHI BJIACTUBOCTI BUMAarailOTh OKPEMOro JocijzkeHHs. O3Ha-
YeHl 0OCTaBUHU YHEMOXKJIMBJIIOIOTH 3a/IyYeHHs BIJIOMUX IIJIXO/IB JI0 IIPOOJIEMI
PO3B’SI3aHHOCTI ITOCTABJIEHOT 3a/1a4i ONTUMA/JILHOTO KEPyBaHHs.

B 3B’a3ky 3 1uM B pobOTI 3allpOTIOHOBAHO 3aJIyUUTH TaK 3BaHUN HEpsi-
MU X1 710 TepeBIpKY iCHYBaHHS ONTUMAJBHIX Map B O3HA4YeHIN 3ajadi. 3
I[I€I0 METOIO IMPOINOHYIOThCS allPOKCUMYBATH BUXIJIHY 3a/lad4y CYKYIHICTIO Ila-
paMeTpr30BaHUX ONTUMI3AIITHIX 3a/1a9 3 (PIKTUBHUMEI KEePyBaHHIMU B Koedi-
I[IEHTAX FOJIOBHOT'O JIMBEPreHTHOro oreparopa. OCHOBHOIO 11€PEBAT0I0 3aIIPOIIO-
HOBAHOI allpOKCUMAIlil € TOil (pakT, MO allpOKCUMAITiiTHI 3a/1a4i (POPMYITIOI0THCS
JUTA JTIHIHHIX HEBUPOIXKEHIX eTNTHIHIX PIBHAHD. fIK HACIIIOK, TPU KOYKHOMY
3Ha4YeHH]1 MaJioro napamerpa € > 0 Taki 3aja4l MalOTh HEIOPOXKHIO MHOXKUHY
PO3B’4I3KiB.

Bajyuaroun 1epHe y3arajbHeHHs: Teopemu Boccardo-Murat 0yiio mokasano,
o OyIab-siKa IOCJIIOBHICTh ONTHUMAJbHUX PO3B SI3KIB /I allPOKCUMAITHIX
3aJlad € KOMIIAKTHOIO B II€BHIiil TOIIOJIONII, dKa JI03BOJISIE NepeiiTu JI0 I'PaHuIll
B OCHOBHUX CITiBBIJIHOIIIEHHAX AITPOKCUMAIIIIHOI 3a/1a49i. 30KpeMa, BaxKJIUBOIO
00CTaBUHOIO TYT € Te€, 10 MOC/IIJIOBHICTh I'PAJIIEHTIB PO3B A3KIiB TaKUX 3a/1a4 €
301>KHOIO B ITIOTOYKOBOMY cenci. Came 1151 BJIACTUBICTD JIO3BOJINIO TIOKA3ATH, 110
110 Oy/Ib-sTKa, KJIacTepHa TOYKa ITOCIJ0BHOCTI ONTUMAIbHIX PO3B’I3KIiB allpOK-
CUMAIITHIX 3aJ1a4d € ONTUMAJbHOIO Iapoio JJId BUXIiIHOI 3ajadi. Tum cammm,
OTPUMAHO JIOCTATHI YMOBU PO3B’SI3aHHOCTI IIOCTABJIEHOI 3a/a4i ONTHMAJJIBLHOTO
KepyBaHHs, a TAaKOK HaBeJIEHO cXeMy MOOYI0BU HAOJIMKeHDb 11 PO3B A3KIB.

Tpemiti po3dii NPUCBSIUEHO MUTAHHAM ICHYBAHHS PO3B A3KIB OJIHOIO KJia-

Cy 3aJ1a9 ONTUMAJIBLHOTIO KePyBaHHs JIJIs eBOJIIOMIITHOT Bepcil piBHgnb [lepona-



Mautika, Ta MeTogaM IX alpokKcumaliil. 3alpoloHOBAHO 3arajbHUi IIiaxia 10
AIPOKCUMAIIIT PpO3B’A3KIB TaKNX 3a/1ad MapaMeTpU30BaHUMU 3ajladaMy 3 (Pik-
TUBHUMUI KePYBAHHSIMHI JIJIsT KOPEKTHHX 3a A JaMapoM [T0YaTKOBO-KPalOBIX 3a-
na4a Komri-Heiimana. 3a aHaJioriero 3 morepeiHiM Po3JIiJioM, TOKa3aHo, 10 KOXK-
Ha 3 allpoOKCUMalllTHUX 3a/1a4 € KOPEKTHO IIOCTaBJIEHOI0, MA€ HEIIOPOXKHIO MHO-
JKIHY PO3B’SI3KIB, a 0y/Ib-sIKa IIOCJI1I0BHICTD, 1110 YTBOPEHA TAKUMHI PO3B’SI3KAMMU,
IpsSIMYE JI0 ONTHMAJIbHOI mapy JJIsl BUXIIHOL 3aJ1adi KepyBaHnHud. [Ipote, 3 Tex-
HIYHOI TOYKHU 30PYy, OCHOBHI Pe3YyJIbTaTH IIHOI'0 PO3/ILIY OIMUPAIOTHCI Ha IPUHITHI-
IIOBO 1HIITY Bepcito y3arajbHeHHst TeopeMu Boccardo-Murat st KBazi-siiHifiHIX
napabomiganx piBHsIHL. OKPIM IIHOr0 OYJI0 MOKA3aHO, M0 OKPEMOIO JI0CTATHBOIO
YMOBOIO PO3B’SI3aHHOCTI TIOCTABJIEHO] 3a/1a4il ONITUMAaILHOIO KepYBaHHA, € 0OMe-
JKEHICTb 00PaHOI IOCJIiIOBHOCTI PO3B’sI3KIB allPOKCUMAIINHIX 3a/a49 B 3a/1aHiii
tonosiorii. Hacmpasi, BUKOHaHHAM I1i€] yMOBH MOYKHa, 3HEXTYBaTH, SIKIIIO MHO-
JKIHA, JIOIYCTUMUX PO3B’SI3KiB JIjIsT BUXIJIHOI 3a/a4i € HelopoxKHboto. [Ipore B
€BOJIIONIIITHOMY BHITQJIKY, Y€pe3 MOYKJIMBE HEICHYBaHH: IVI00aJIbHUX PO3B’A3KiB,
151 Tpo0JIeMa 3aJIMIIAEThC BIIKPUTOI. TaKUM 4YMHOM, 3a/1ydalodyl HelpsaMuii
migxig, Oy/J0 OTPUMAHO JIOCTATHI YMOBH PO3B SI3aHHOCTI IIOCTaBJICHOI 3ajadi
ONTUMAJBLHOIO KepyBaHHA JJIs eBoJtomiitHoro pisnannsa [lepona-Majika a Ta-

B wemesepmomy po3diai NIponOHY€eThCsT HOBE (DOPMYITIOBAHHS 381241 BiTHOB-
JIeHHsI U POBUX 300parkeHb, sIKi CIIOTBOPEHI aJIMTUBHUM Ta, KyMYJISITUBHUM
IIIyMOM, Y BULJIA/I] 3a/la4l ONTUMAJbHOIO KepyBaHH4 JIJIs KBa3LIIHIITHOTO Iapa-
OOJTITHOTO PIBHSIHHS 3 HEJIOKAJIBHUM p|u]-amiaciaHoM Ta KepyBaHHSIM 3 KJIacy

L'. A came, 06’eKTOM KepBaHHSI BUCTYIIA€ TaKa II09aTKOBO-KpailoBa 3a/1a4a,

% —divAu(t,z,Vu) +u=f B Qr:=(0,T) x Q,

Oyu=0 mna (0,7) x 09,
U(O,):fo B (2.

Ay(t,z,Vu) = |D(t, z,w)Vu|P*“O2D(t, ,w)Vu,



XapaKTepHOI0 0COO/IMBICTIO 3aIIPOIIOHOBAHOI IIOCTAHOBKH € Te, 1110 3MIHHUI
MopsAJIOK HeJiHifiHocTi p(t, z) 1 Tensop anizorponHol audysii D(t, ) B auBep-
TEeHTHOMY OIepaTopi MnapadoiYHOrO PIBHSHHS HE € a priori BUBHAUCHUMU, a,
HATOMICTD, IIi XapaKTePUCTUKN HEJIOKAJbHO 3aJIe2KaTh BiJl PO3B’SI3KY 110YATKO-
BO-KpailoBol 3ajad4i Jijisi O3HAYEHOI'0 IapaboJIidHOTO PIBHAHHS. 1K HACJIJIOK,
—div Ay (t, x, Vu)+u € TpuKIaI0M CUIHHO HEJIHITHOTO, HEMOHOTOHHOTO Ta He-
KOEPIUTUBHOIO JINBEpreHTHOro oneparopa. OTrKe, BUXijiHa I0YaTKOBO-KpaiioBa
3aJiada, JJisi SIKOl (POPMYJIIOETHCA IpobJieMa 11 ONTHMAJJIBLHOIO KepyBaHHS, €
1OraHo OOYMOBJIEHOIO B 3arajbHOMY BHIQJIKY. B 3B’a3Ky 3 IIUM, 3a/1ydarodn
MeTou Teopil 30ypeHb Ta mpuHIuI Hepyxomol Toukn [llaymepa, Oyso rmoka-
3aHO, IO TaKa 3aJadva JOIYCKAE NpUHAIMHI iICHYBaHHS CJIa0KHUX PO3B’s3KiB B
3minHoMy 1poctopi Cobosiea-Opiida, sTKi MOXKHA OTPUMATH AK I'PAHUIL 110C-
JILJIOBHOCTEl PO3B’SI3KiB IeBHUX 30ypeHux 3ajad. Taki po3s’sasku OyJio Ha3Ba-
Ho Wy-nocszkunmu. Buxojsan 3 11b0ro 0yJ10 3aIIpPOIIOHOBAHO IepeiiTh BiJl BU-
X1JTHOT 3a/ladl ONTUMAJBHOI'O KEPYBaHH: JIO JIOCJJKEHHS 11 pesakcallliiHoro
BapianTy, 1mepedopMyJIIOBABINN i1 Ha IMONIYK ONTUMAJLHUX Iap Ha MHOXKUHI
Wo-nocszKaux po3B’g3KiB 3 ociabiennM (hyHKITIOHAJIOM STKOCTI. K HacTiI0K
TaKOT'O YTOUYHEHHS, 1l€ JIO3BOJIMJIO BCTAHOBUTHU JOCTATHI YMOBU PO3BA3aHHOCTI
[IOCTaBJIEHOI 3a/1a4l ONTUMAJbHOTO KepyBaHHS Ta OTPUMATH ITepalliifiny 1Ipo-
1elypy JI/Is alpoKcuMaliil onTuMa/ibuux map. s imocTpaliil ojepKannx B
IILOMY PO3JILJI pe3y/ibTaTiB, HaBeJeHO MOJE/bHI PO3PAXYHKHU 3 00€3IIyMJICHHS
CYIyTHUKOBUX 300parkeHb, 3a/IyJalod 3allPOIIOHOBAHMI T IXi/I.

KurrodoBi cjioBa: onTuMmizaliisi, onnTuMaJlibHe KepyBaHHsI, KpaiioBa 3ajiada,
piBastHHS [lepona — MaJtika, yMOBH OIITHMAaJILHOCTI, allPOKCHUMAallisi PO3B’A3KiB,
nudepenniaabai orepaTopu, npocropu CobosieBa — Opiinda, HOpMa y 3MIHHOMY

IIPOCTOPI, TeOpPEeMHU BKJIaJeHHs, Oinii myMm, iHTerpaJsi Jlebera, noxiana ['aTo.



Kohut Ya. P. Approximation of solutions of optimal control problems for
the Perona-Malik type equations — Manuscript.

Thesis for the Doctor degree of Physical and Mathematical Sciences in
Speciality 111 — Mathematics. — Oles Honchar Dnipro National University
of Ministry of Education and Science of Ukraine, Dnipro, 2024.

The thesis is devoted to optimal control problems for a class of nonlinear
degenerate elliptic and parabolic equations, as well as for quasi-linear parabolic
equations with a variable order of nonlinearity. The main attention is paid to
the solvability issues of such problems and methods of their approximation.
A characteristic feature of the considered class of problems is that they are
formulated for objects that are described by equations of mathematical physics
with non-monotone and non-coercive operators. Typical representatives of this
type of equations are the Peron-Malik equations and their generalized variants.
As a rule, such equations are characterized by the absence of a priori esti-
mates for their weak solutions and the nonexistence of global solutions to the
corresponding boundary value problems. In this regard, the question of the exi-
stence of optimal controls such objects acquire a non-trivial analysis. A separate
problem here is the development of the schemes and methods for approximating
the corresponding optimal control problems, in which all or only some of their
optimal solutions can be approximated with a given accuracy by solutions of
other optimization problems, which are much simpler from the point of view of
their practical implementation.

The dissertation is of a theoretical nature. The results obtained are of sci-
entific interest and can be used in further research in the optimal control theory.

The introduction justifies the relevance of the research topic, describes the
subject and object of research, indicates the connection of the thesis with sci-
entific programs and topics, emphasizes the scientific novelty, the purpose of
the research, practical significance, the personal contribution of the applicant,
and information on the approval of the results obtained.

In Chapter 1 we give some preliminaries and notions that will be needed

in the sequel. In particular, we describe the well-known results and facts of
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nonlinear functional analysis and the theory of partial differential equations,
which are significantly used in the further analysis. In particular, we give the
definitions and basic properties of Sobolev and Sobolev-Orlich spaces, as well as
the embedding theorems associated with them. A separate item is the spaces of
functions with bounded variation and the compactness properties of bounded
sets in such spaces. The well-known results of Boccardo-Murat are given regardi-
ng the pointwise convergence of gradients of solutions of non-parameterized
nonlinear elliptic and parabolic equations. It is noted that despite the existing
weak convergence of gradients Vuyg, which provide the conditions for the limit

passage in equations of the type

—diva(z,u,, Vu,) = fo+ 9, B £,

By + A(up) = fn+g, B (0,T) xQ,

their pointwise convergence also takes place. At the end of this chapter, the
Zhikov’s results on the generalization of the well-known Tartar—Murat result,
which is called the principle of compensated compactness, are presented.
Chapter 2 is devoted to the study of one class of optimization problems,
when the control object is described by the Neumann boundary value problem
for the steady-state Perona-Malik equation, which in its main part contains a
non-coercive and non-monotonic differential operator of the divergence type.

Namely, the following optimal control problem is considered

1 A
(R) Minimizysarn J(v, u) = —/ lu — ug|? dz + —/ Vu|? do+

1
2
v|“dx +
w3 e [P ()
subjected to the restrictions

: Vu
—d1V<Tvu|2>+OéUJ:'U B Q,

O,u=0 mna 0f),
O<u(z) <M wmc. B
v €Yy = LQ(Q)
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A characteristic feature of this problem is that it is formulated for a quasi-
linear elliptic equation with a non-monotone and non-coercive divergent operator.
As a result, the existence of solutions to the corresponding boundary value
problem for each admissible control, their basic topological and functional
properties require a separate study. The above circumstances make it impossible
to involve known approaches to the problem of solvability of the given optimal
control problem.

In this case, we propose to involve so called indirect approach to verify
the existence of optimal pairs to the original problem. For this purpose, it
is proposed to approximate the original problem by a set of parameterized
optimization problems with fictitious controls in the coefficients of the principle
divergent operator. The main advantage of the proposed approximation is the
fact that the approximation problems are formulated for linear non-degenerate
elliptic equations. As a result, for each value of the small parameter € > 0 such
problems have a non-empty solution set.

Involving a certain generalization of the Boccardo-Murat theorem, we have
shown that any sequence of optimal solutions for approximation problems is
compact with respect to a certain topology, which allows to pass to the limit in
the basic relations of the approximation problem. In particular, an important
circumstance here is that the sequence of gradients of solutions of such problems
is convergent in the pointwise sense. It is the property that made it possible
to show that any cluster point of the sequence of optimal solutions of approxi-
mation problems is an optimal pair for the original problem. Thus, sufficient
conditions for the solvability of the posed optimal control problem were obtai-
ned and a scheme for constructing approximations of its solutions was also
given.

Chapter 8 is devoted to the solvability issues for one class of optimal
control problems for the evolutionary version of the Perona-Malik equations,
and methods of their approximation. A general approach to the approximati-
on of the solutions to given problems by parameterized problems with ficti-

tious controls for the Cauchy-Neumann initial boundary value problems is
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proposed. By analogy with the previous chapter, it is shown that each of the
approximation problems is well posed, has a non-empty solution set, and any
sequence formed by such solutions leads to the optimal pair for the original
control problem. However, from a technical point of view, the main results
of this chapter are based on a different version of the generalization of the
Boccardo-Murat theorem for quasi-linear parabolic equations. In addition, it
was shown that a separate sufficient condition for the solvability of the given
optimal control problem is the boundedness of the chosen sequence of solutions
of the approximation problems in the given topology. In fact, the fulfillment of
this condition can be neglected if the set of admissible solutions for the original
problem is non-empty. However, in the evolutionary case, due to the possible
non-existence global solutions, this problem remains open for nowadays. Thus,
using an indirect approach, sufficient conditions were obtained for the solvabi-
lity of the optimal control problem for the Peron-Malik evolutionary equation
were obtained, and a scheme for approximating its solutions was also given.
In Chapter 4 a new statement of the restoration problem for digital images
which are corrupted by additive and cumulative noise is proposed in the form of
an optimal control problem for a quasi-linear parabolic equation with a nonlocal
plu]-Laplacian and L!-controls. That is, the main control object can be descri-

bed as follows

% —divA,(t,z,Vu) +u=f B Qr:=(0,T) xQ,

Oyu=0 ma (0,7) x 09,
’U,(O, ) = f() B ().

Here,

Ay(t, 2, Vu) == |D(t, z, w)Vu[P*“=2D(t, 2, w) Vu.

A characteristic feature of the proposed formulation is that the variable
order of nonlinearity p(¢,x) and the anisotropic diffusion tensor D(¢,z) in
the principle operator of the parabolic equation are not a priori predefined,

but instead these characteristics depend non-locally on the solution of the
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initial-boundary value problem for the given parabolic equation. As a result,
—div A,(t,z,Vu) + u is an example of a strongly nonlinear, nonmonotone,
and noncoercive divergent operator. Therefore, the initial initial-boundary value
problem, for which the optimal control problem is formulated, is ill-posed
in general. Therefore, utilizing the methods of perturbation theory and the
Schauder fixed point principle, it was shown that such a problem admits at
least the existence of weak solutions in the variable Sobolev-Orlich space, whi-
ch can be obtained as the limits of sequences of solutions of some perturbed
problems. Such solutions were called Wj-attainable. In view of this, it was
proposed to path from the initial optimal control problem to the study of its
relaxed variant, reformulating it to search for optimal pairs on the set of Wj-
attainable solutions with a weakened objective functional. As a result of such
clarification, this allowed us to establish sufficient conditions for the solvability
of the original optimal control problem and propose an iterative procedure for
approximating optimal pairs. To illustrate the results obtained in this chapter,
some model simulations with the noise-corrupted satellite images using the
proposed approach are presented.

Keywords: optimization, optimal control, boundary value problem, Perona-
Malik equation, optimality conditions, approximation of solutions, differential
operators, Sobolev-Orlicz spaces, norm in variable space, embedding theorems,

Lebesgue integral, white noise, Gateaux derivative.
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ITEPEJIIK YMOBHUIX IIOSHAYEHD

V — KBaHTOp 3araJibHOCTI.

4 — KBaHTOp iCHYyBaHHHI.

= — JIOPIBHIOE 3a O3HAYEHHSIM.

r € A — ejleMeHT X HaJEXKNUTh MHOXKIHI A.

x ¢ A — eJleMeHT T He HAJIEXKUTH MHOXKHUHI A.

AUB — ob’eananng muoxkna A ta B.

AN B — neperun mHoxkun A ta B.

A C B — muHOKIHA A MICTUTBCS y MHOXKHIHI B.

() — HOpPOXKHS MHOXKUHA.

N — MHOKWHa HATYpaJbHUX UHCEI.

R — MHOXKMHA JICHUX YHCEI.

R™ — npoctip Touok t = (t1,....,tn), t; € R, i=1,....,m, m € N.
|A| — wmipa JleGera muoxkunm A.

sup f(x) — TouHa BepxHst rpadb HYHKIHT f Ha MHOXKUHI A.

zeA
inf f(z) — Touna HuKHs rpanb GyHKIHT f HA MHOKUHI A.

é;l sup,c4 f(x) — icrorna Bepxus rpanp dbyHkiii f Ha MHoKuHi A.

essinf,c4 f(z) — icroTHa HIKHA rpaHb GyHKIT [ Ha MHOXKUHI A.

sgn o — BeJIMuunHa, 10 JopiBHIOE 1, gxmo a > 0, —1, gakmo a < 0, 1 HyJo,
gaxmo o« = 0.

XA — XapaKTepucTudna (PYHKINsA MHOKUHU A.

intA — BHyTpiHiCTD MHOXKIHEI A.

0A — mexxa MHOKUHI A.

12| o) = ([ lz(@)[ dt) ne p € [l,00) Ta 2: G — R — inTerposna B
crerneri p 3a Jleberom Ha MHOXKUHI G (DYHKITISI.

LP(G), p € [1,00) — upocrip dyukiiii z: G — R 31 cKIHYEHHOI HOPMOIO
||93HLP(G)

HxHLoo(G = esssup |z(t)|, ge z: G — R — Bumipna Ha G QyHKILs.

teG
L*>*(G) — upoctip icrotHO 0obMexkennx dyukmiit x: G — R.

W (G), G Cc RY d € N — npocrip Cobonesa dynkniit f: G — R Taxkux, 1mo
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f ma yci 11 (y3araspieni) gactunni moxiguai nanexars LP(G).

VVO1 P(Q) — upocrip Cobosesa, sikuit yrBopenuit 3amukantsim Kiacy Cio(£2)
3a HopMoto 1pocropy WHP(Q). Orxe e mignpoctip npocropy WHE(€),
eJIEMEHTH STKOTO MalOTh HYJIbOBHIT CJ1ij1 HA MexKi Of).

H}(Q) = I/VO1 2(Q) — riap0epTiB MPOCTIP 3 OIepAIieio CKAIIPHOTO 100y TKY

(f, Q)Hg(g) = / (Vf,Vg)pn du.

Q

H=Y(Q) — ayanbuuii npoctip 1o npocropy Hi ().
W=14(Q) — nyampnuii mpoctip 110 npocTOpy VVO1 P(Q).
T s g — ormepariist yaJbHOTO CIapPIOBAHHS MiXK eJeMEeHTaMN
W= La(Q);Wy ()

mpocropis W14(Q) ma W, P ().
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BCTVII

AxTtyanabHicTh Temu. JlociijpKeHHsa Oy/ib-gKOI 3aja4i ONTUMI3allil 91 OITH-
MaJIbHOI'O KepyBaHHA JJId PIBHAHb B YACTHHHUX IOXIIHUX, AK IIPABUIO, I10-
YUHAETHCs 13 TepeBipKu (akTy 1010 11 po3B’da3aHHOCTI. 3a3Buyail € JeKiib-
K& OCHOBHUX IIPUYMH, YOMY 3aJiada OINTUMAJIbHOT'O KepyBaHHs MOXKe He MaTu
po3B’si3kiB. OJIHIEIO 3 HUX € Te, M0 MHOYKUHA 11 JOIYCTUMEIX PO3B IA3KiB MOXKe
BUSBUTHCS ITOPOXKHBOIO, OCKLILKN 00'€KT KepyBaHHS MOXKE SABJISITH COOOIO T10-
raHo 0OyMOBJIeHY (HEKODEKTHY 3a AjlaMapoM) 3aady MaTeMaTHIHOI (DI3uKM.
[Ile ommi€ro NpUYMHOIO € HE3AMKHEHICTH MHOKUHU JOMYCTUMEUX 11 PO3B’43KiB,
OCKIJIbKI B IIbOMY BHUIIQJIKy MiHIMIZaIlfiHl MOCJIJIOBHOCTI MOXKYTb B I'DaHUIIL
HPsSIMyBaTH JIO0 PO3B’SI3KY, AKHUil HEe € JOIYCTUMUM JIjIst 0OpaHol 3aja4i. SK 110-
kazasn K.JIyp'e Ta F.Murat B 1970x pokax, ocTaHHSI CUTYaIlis € TUIIOBOIO JIJIsi
O1/IBIIIOCTI 38 184 ONTUMIBAIL], Jie KOeMIIIEHTH I0JIOBHOI YaCTUHH Ju(EPreHTHO-
r'o ollepaTopa PO3IISIAI0OTbHCS B IKOCTI KepyBaHlb. [, HacaMKiHelb, BiCYTHICTh
OIITUMAJILHIX PO3B’SI3KiB B TAKMX 3a/a49aX MOyKe OyTH CIIPUINHEHA THUM, 10 3a-
JIEZKHICTh PO3B’sI3KIB KpalioBUX 3aja4 Bijl (DYHKIN KepyBaHHsI HE € HellepepB-
HOIO BIJIHOCHO TOIIOJIOTI, B IKiiff MHOXKMHU JIOIIYCTUMUX Iap € KOMIIAKTHUMU.
Biiacue, okpecjieni 0OCTaBUHU SIBJISIOTH COOOIO HE JIUIIIE CYTTEBY TEOPETUUIHY
1podJieMy, ajle TAKOXK € BeJTbMU OOMEXK/JTMBUME 3 TOYKHU 30pY MPAKTHIHUX 3a-
aCTOCYBaHb.

[Ie ognumM BazKJIMBUM acIeKTOM B JTOCTIZKEHHI 38/1a9 ONTUMAJILHOTO Kepy-
BaHH¢ JIJIs PIBHSIHb B YaCTUHHUX IIOXIJIHIX € PO3POOKaA CXEeM Ta METOJIB allPOK-
cuMallil TaKuX 3aJiad, IPU JKUX BCl 4K JIKIIE JesiKi 1X OINTHUMaJIbHI PO3B’sSI3KI
MOXKHa, alIPOKCUMYBaTH i3 38/1aHOI0 TOUHICTIO PO3B SI3KAMU 1HIINX ONTUMI3alliii-
HUX 3a/a4, 1110 € 3HAYHO MPOCTIINUMU 3 TOYKU 30pYy 1X NPaKTUYHOI peaJsizaliil.
SazBuyail allpoOKCUMAIITHIMU 38 la9aMi MOXKYTh BUCTYIIATH IIapaMeTpu30BaHi
3a/1adl ONTHUMAJILHOIO KePYBaHHS, SIKi Ma€Th €JIUHUI PO3B I30K Ta (POPMYJIIO-
I0ThCs /IS KOPEKTHO MOCTaBJIEHUX MOYATKOBO-KpailoBUX 3a/iad MaTeMaTUIHOl
Jizukm.

OcHoBHu J0OCTiIzKEHD B I1iil TemaTuil 0yJj0 3aKj1a/1eH0 B poboTax dararbox Bi-

JIOMUX MaTeMaTHUKIB, 30KpeMa 3HaUHUil BKJIa/] BHECJIN TaKl BJIOMI HAyKOBIIl K
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2K. Auseiip, B. Bap6io, A. Bencycan, /Ixx. Byranmno, M. leasdyp, 2K.-I1. Soure-
cio, E. 3raszma, O.1. €ropos, E. Kazac, B. Kopobos, 2K.-M. Koposn, K. KyHim,
I. Jlazenpbka, 2K.-JI. Jlionc, B.C. Menbnuk, 2K. Ilananikosay, B. IliorHikos,
A.B. ®ypcikos, B.M. Tixomipos, K. Tpimxiani, /1. Hiopanecky ta 6araTo iH-
X,

[Ipore o3maveni Buie npobsieMu, SKi MOB’d3aHi 3 JTOCTLKEHHSIM 3aJ1ad
ONTUMAJbHOIO KepyBaHHA JJisi PIBHSHL B YACTUHHUX IOXITHUX, 3HAYHO YCK-
JIQJTHIOIOTHCS, SIKIO 00'€KTOM KepyBaHHs BUCTYIIAE 3a/ada MaTeMaTHIHol (i-
3UKU JIjIsI PIBHSIHb 3 BUPOJIXKEHIMU OllepaTOPaMy JUBEPIeHTHOI'O TUITY. 30KpeMa
fiJ1eThCsl 1IPO BUPOJKEHICTDL B KOeMiIieHTax eJIITUIHIX OllepPaTOPiB Ta olepa-
TOpiB THIy p-nariaciana. JloOpe BiOMO, 1O TAKOl CUTYAIIil JIETKO YHUKHYTH,
SIKIIO TPUIYCTUTH HAABHICTH OOMEXKEHb 3HU3Y Ha KOeMiIlieHTH, Ikl O BiIiis-
Jn X Big Hysst. [Ipore edekT BUPOJzKeHHST MOXKe OyTH IIPOJANKTOBAHIM abCo-
JIIOTHO INPUPOJHIMEI 0OCTaBUHAMU, OCOOJIMBO B 3ajiadaX 0OPOOKU 300parKeHb,
Jle TIoJIiOHI NPUITYINEHHs € HeJlopedHuMu. B pesysibrati, BiIIIOBIIHI olepaTopu
JINBEPIE€HTHOI'O THUITY MOYXKYTh BTpadaTH BJIACTHBOCTI KOEPIUTHUBHOCTI Ta He-
nepepBHOCcTi. OTKe JIsT TaKUX 3aJad MaTeMaTHdHOl (DI3UKKM MOXKe MaTh Mi-
cie edpexT JlaBpeHT €Ba, HEEIUHICTD CJIAOKUX PO3B’sI3KIB, Ta ICHYBaHHSI CUHI'Y-
naapHuX (abo HeBapialliftHux) po3s’sa3KiB. fIK HACIIIOK, MOC/IIZKEeHHST BiITOBI-
HUX 3a/1a9 ONTUMAaJILHOIO KepyBaHHs HaOyBa€ HeTpuBiaJibHOTO 3ByUaHHs. Li Ta
O/IM3bKI 3a/1a4i JTOC/IIKYBaIucs dararbMa MaTeMaTukamu, cepeli akux M. bo-
kaJsio, . amige, V. Hdemaio, Os. Kamnycrsn, I1. Koryt, E. Kazac, O. Kymnenko,
I'. JIborepiur, T. Opcen, . Cokosnopcbkuii, O. Cramkunbkuii, O. XIyJIHeB Ta
1HTII.

OjtHuM i3 0OCHOBHUX 00’€KTIB iHTepecy J1aHol POOOTH BUCTYIAIOTH 3a/1adi Ke-
pyBaHHs juid piBuganb Tuny llepona-Masika Ta ix y3arajbhnenns. Biracue teit
TUI PiBHsIHb, KW Brepiie Oys 3amnpornonoBanuii B 1987 pori B pobori [71],
€ TPUKJIAJIOM HeJiHIHOIro piBHSHHS Ju(Y3iiiHOrO TUIIY 3 HEOJHOPIJIHUM BHU-
POJIZKEHUM KOedillieHTOM B JIuBepreHTHOMY oreparopi. Came 1eil TUIl PiBHAHB
IITIPOKO BUKOPUCTOBYETHCS B 3a/1a4ax 00POOKN 300parKeHb JIJId TAaKUX ILJIei, siK

31UIa/IZKyBaHHs, BIJIHOBJIEHHS, cerMeHTallis, (piabTpaliid Ta BUABIEHHS KOHTY -
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Hocti. OcnoBHa crienudika pisasiaas [lepona-Madtika mossirae B oMy, 1100 3a-
JIVIUTH JI0 00pPOOKHN 300pazkeHb MOIM(IKOBaHe PIBHAHHS TEIJIONEPEHOCY LIS~
XOM BBEJIEHHs CIielia bHoro KoedirienTa audysil, akuit Ou 3aaexkaB BiJ| Mpoc-
TOPOBOI IOBEIHKN 300pazkeHHsI. st boro 1eil KoedilieHT B KOXKHifl TouIi
00J1aCT1 OB’ sI3yE€THCs 3 HOPMOIO JIOKAJILHOT'O I'PaJIi€HTa 300parkeHHs Tak, 1o0n
IpU HEBEJIMKUX HOPMax TpajieHTa (TOOTO B OJHOPITHUX 00/IACTSX) 3HAUCHHS
kKoedinieTa mudysil Oy 6 BeJIUKUMU JiJIsi OLJIbII CHJIBHOIO 3TJIAJIXKYBaHHSI.
Pazom 3 Tum, B THX TOUYKax 00JIACT, Jle HOpMa TPaJiE€HTa € BEJUKOI (TOOTO
Ma€e MicIie MPOCTOPOBa HEOHOPIHICTE), KoedilieHT audysil Mae OyTH MeH-
MM, adW YIOBLILHUTH IPOTEC PO3MUTTS Ta 30eperTu HEPO3MUTOIO0 KOHTYp-
HICTH TaKNX 300pazkeHb. Taka Mo ndikallisd piBHIHb TEIJIONEPEHOCY TPUBOINTH
J1o Toro, 1o piBuganng [lepona-Mastika BrpadaioTh KOEPIUTUBHICTD Ta MOXKYTh
He MaTH raobagbHuX caabKux poss’sski y mpocropi C1 (mus. [21,39]). Pa-
30M 3 THM, Ma€ Micie Takuii mapagoke [40]: skoio 6 He Oyira Mojenb Ha Oasi
piBastaHs Ilepona-Mastika, BoHa € 1oraHo oOyMOBJIEHOIO 3aJladei0 MaTeMaTH-
yHol ¢isuku. IIpore, 1T jauckpernsaliia 3a gBHOIO cxemolo Eitnepa € 3aBxku
criiikoro. TlosicHeHHsT IbOTO MTAPAJIOKCY € J0CUTh HecromiBanuM [80]: fyist Takmx
PIBHSIHB CTaHJIAPTHA JUCKPETU3allist Ha 0a3l CKIHUeHHUX PI3HUIDL 3aBXK U ITOPO-
JKye eeKT peryispusaliil. B mpoMy KOHTEKCTI BapTo 3a3HAYNTH, 110 Ha (POHI
3HAYHOTO MPAKTUYHOIO 1 TEOPETUIHOro inTepecy 10 piBuganb Ilepona-Mautika,
MPAKTUIHO BiJICYTHI poOOTH, AKi O Oy/In NpUCBAYEH] 3a/1a9aM OITUMI3aIll JI/Ist
TaKX 00 €KTiB.

3 oryIsiIy Ha cKazaHe BUIIE, 3aJiadi ONTUMAIBLHOTO KEPYBAHHSA JIJISI PIBHSIHD
tunty [lepona-MadJiika Ta po3poOKa METOJIIB TX allpoOKCUMallil € aKTyaJbHOIO Te-
MATHKOIO B CyYaCHi#l Teopil onTuMizaIiii i HoTpedyIoTh MOJAJIBIITNX JOC/IiI?KEHb.

3B’s130Kk pobOTH 3 HAYKOBMMH HporpamMaMu, IIJIAHAMH, T€MaMMU.
Pobora BukoHyBaJsiach 3riJHO 3 3arajJbHUMU ILJIaHAMU JOC/IiIKeHb Kadeapu
MaTeMaTUIHOTO aHaIi3y Ta onTuMizaril JIHIMpOBCHKOrO HAIIOHAJBLHOTO YHI-
BepcuteTy imeni Outecs ['oHuapa, a TakoyK 3TijIHO 3 JIepyKOI0PKETHOI TEMOIO
HJIP-1-666-22 "TeopeTnyni Ta NpUKJIa IHI aclIeKTH BITHOBJICHHS OIIEPATOPIB Ta

onTuMizaril nadmkenns gynkimiit’ No nep:xasnoi peecrpartil 0122U001223.
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Mera i 3aBaaHHS AdOCJig»KeHHd. Memoro podboTH € JIOBEJICHHSI TeOPeM
icHyBaHHSI JIJII OJHOIO KJjacy 3ajiad OINTHUMAaJbHOTO KepyBaHHs Jisi PiBHAHD
tuny [lepona-Majiika, mobymoBa cxeMm IX ampoKCHMAIlil y BUTJISI apaMeTpu-
YHOI CIM'T ONTHMIBAIITHIX 3a/1a4 3 (DIKTUBHUMU KePYBaHHAMU B KoedilieHTax
I'OJIOBHOT'O OIlepaTopa JIMBEPreHTHOr'O THUILY, JIOBEJIEHHS TEOpEM IIPO 301KHICTH
3aIIPOIIOHOBAHIX HAOJIMZKEHbB JI0 PO3B’sI3KIB BUXIIHUX 33124, Ta OOIPyHTYBaHHsI
HEOOXIIHIMX YMOB OINTHUMAJILHOCTI JIJIsI allPOKCUMAIIHIX 3a1a4.

06’exmom docaidocenns € 3ajiadi ONTUMAJIBLHOIO KepPyBaHHs JIJIS CTallio-
HApPHOTO Ta €BOJIIONIHOrO BapiaHnTiB piBHAHHA [lepona-Majiika Ta fioro y3a-
raJIbHeHHSI JI0 KBa3LIHIHHOIO 1apaboJidHOIO PIBHSIHHS 3 3MIHHUM IIOPSIIKOM
HEJIIHITHOCTI B OllepaTopl JAUBEPreHTHOIO THILY.

IIpedmemom docaidorcenns € podseMa iCHYBaHHSI PO3B’sI3KiB 3a/1a9 OITHU-
MaJIbHOI'O KepyBaHHsI sl piBHsiHb Tuily Ilepona-Majiika Ta mobymoBa cxeMm ix
AIIPOKCUMAIIil.

st peastizariii moctaBieHol MeTH y poOoTi OyJ10 MOCTaBIEHO TaKi 3a80aHMA:

HocignTu npobyieMmy po3B’si3aHHOCTI OJIHOIO KJaCy 3a/1a9 OITUMAJILHOI'O
KepyBaHHA I cTalioHapHoro piBHAHHs [lepona-Magika 3 KpaiioBumun

ymoBamu Helimana Ha Mexki 00J1acTi.

e 3ampoIOHYBATH BapiaHT allPOKCUMAIIIT 3a/1a49i ONTUMAJILHOIO KePYyBaHHsI
crarionapuuM piBuganaam llepona-Majika Buxojgun 3 npuHIuiy ¢ik-

TUBHUX KE€PYBaHb.

e OjiepkaTu Ta OOIPYHTYBATH HEOOXITHI yMOBH ONTHUMAJILHOCTI JIJIsT aIllPOK-

CUMaIIHIX 3a/1a4.

e /loBecTH, 1110 PO3B’SI3KN AIIPOKCUMAIINHIX 38184 B IPAHUII IPSIMYIOTh J10

ONTUMAaJILHOI ITapyu BUXIJIHOI 3a/1aul KEpYBaHHS.

® POBI‘.HHHYTI/I HOHepe,ZLHi IIYHKTH 110 BiILHOLHGHHIO 0 SaAaqi OIITUMaJILHOI'O

KepYBaHHS JIJI €BOJIIONIITHOr0 BapianTy piBHgaHud [lepona-Masika.
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Hapectu moctanoBKy 3a/1a4i BiTHOBJIEHHS 1N POBUX 300parkeHb y BUTJIS-
J1i 3a/1a91 ONTUMAJILHOTO KepyBaHH JJId y3arajabHeHoro pisugauusg [lepona-

Mauiika 3 3MIHHUM ITOKA3HUKOM HEJIHIHHOCTI.

HocniguTn npobsiemMy iCHYBaHHS PO3B’SI3KiB B 3a/1a4i BiJIHOBJICHHS ITH(]-

POBUX 300parKeHb.

3amnporoHyBaT cXeMy pesaKcallil 3a/a4i BiJHOBJICHHS IUPPOBUX 300pa-

JKEHb Ta JIOCiNTH 11 pO3B’SI3aHHICT.

HocminT nuTaHHsI allpOKCUMAIlil PO3B’sI3KiB B 3a/1a4i BiJIHOBJIEHHS I~

¢dpoBux 300parkeHb.

Metoau pociaigxkeHHd. B pod0oTi BUKOPHCTOBYIOTHCSI CydacHI METO/IU He-
JIIHITHOTO (PYHKIIOHAJIBLHOIO aHAJIi3y, BapialiifHi MeToJi MaTeMaTUIHOl (i3u-
KU, Ta MeTOJI Teopil BapialliiiHol 3012KHOCTI 3a/4a4 YMOBHOI MiHIMi3allil.

HaykoBa HOBU3HA ojiep2KaHUX pe3yJibTaTiB. PesyibraTtn podboTn € Ho-

BUMU, 1 MOJISATAIOTH Y TAKOMY:

e OTpuMmano JOCTATHI YMOBHU PO3B’SI3aHHOCTI OJHOTO KJacy 3ajad ONTH-
MaJIbHOI'O KepyBaHHs I cTallioHapHoro piBusnbs Ilepona-Mautika 3

KpaitoBumu ymoBamu Helimana Ha mexki obsracti.

e 3allpOIIOHOBaHA CXeMa allpOKCHMAIIl 3ajadi ONTUMAJbHOI'O KepyBaHHS
Jutst ctarionaproro piBngnnsg Ilepona-Magika, dka rpyHTyeThbcd Ha 3a-
JIyUEHH] IIapaMeTPU30BaHUX ONTHUMI3aliiiHUX 3aJad 3 (PIKTUBHUMU Ke-
pYBaHHAME B KoedillieHTaX TOJIOBHOI'O eJIIITUIHOrO oreparopa. A Ta-
KOXK TTOKa3aHO, IO KOKHa& 3 allpOKCUMAIITHIX 3aj1adl Ma€e HEIOPOXKHIO
MHOXKMHY PO3B’SI3KiB, a Oy/lb-siKa IIOC/I1/IOBHICTb, 10 YTBOPEHA TaKUMU
PO3B’sI3KaMI, € KOMIIAKTHOIO y BIJIIOBIJIHINM TOIOJIOrIT 1 KOXKHa 11 KJia-

cTepHa TOYKa € ONTUMaJILHOIO 11apolo JIJIs BUXIJIHOI 3a/1a4l.

e Orpumano HeoOXiTHI YMOBHU ONTUMAJILHOCTI /IS AITPOKCUMAIIHHIX 38,13

Ta IPOBEJICHO 1X CTPOre OOI'PYHTYBaHHSI.
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e OrpuMaHO JIOCTATHI YMOBU PO3B’sI3aHHOCTI 3a/a4i ONTUMAJIBLHOTO Kepy-
BaHH¢ JIJI €BOJIIOLITHOTrO piBHsIHHA [lepona-Majiika Ta 3amporoHoBaHa
cxeMa 11 allpoKcuMallil, sika TPYHTYETbCS Ha 3a/ly4eHHI IapaMeTpu30Ba-
HUX ONTHUMIBAIITHIX 3324 3 PIKTUBHUME KepyBaHHSIMU B KoedillieHTax
rOJIOBHOT'O orlepaTopa. JloBesieHo, 10 KoyKHa 3 allpOKCUMAIITHIX 3a/1ad
Ma€ HEMOPOXKHIO MHOXKWHY PO3B’I3KIB, a OyJ/ib-AKa IMOCTIJIOBHICTD, AKa
yTBOpeHa TaKUMU PO3B’sI3KaMM, € KOMIAKTHOIO Y BiJITOBIIHI{T TOMOJIOTIT 1

KOKHa 11 KJIaCTepHa TOYKa € ONTUMAJILHOIO IIapoto JJIsl BUXIJIHOI 3a/1a4l.

e Hapejsieno cxemy 1mody10Bu HEOOXITHUX YMOB ONTHMAJIBLHOCTI JIJIST allpOK-
CUMaIIHUX 3a/1a4 710 3aJa4i OINTHMAaJbHOIO KepyBaHHs JIJIS €BOJIIONIi-

Horo piBuganug Ilepona-Maiiika Ta mpoBejieHO X cTpore OOrPYyHTYBAHHS.

e 3 MeTOIO BiJIHOBJIEHHSI IIN(PPOBUX 300pasKeHb, K1 IOIIKO/KEH] a/[/INTHB-
HUM Ta IMITYJIbCHIM TITYMOM, 3aIIPOIIOHOBAHO HOBY MOJIE/b Y (bopMi 3a 1adi
ONTUMAJBHOIO KepyBaHHS Ha KJacl pO3pijzKeHUX KepyBaHb I KBa3i-
JIHIAHOTO Mapabo/IiYHOTrO PIBHAHHS 31 3MIHHUM TOPSIKOM HETiHIfTHOCT
Ta BUPOJZKEHUM TEH30POM aHI30TPOIHOI audy3il, siKi HeJOKAJJIbHO 3aJie-

YKaThb BiJl pO3B 43Ky MOYATKOBO-KPaiioBOl 3a/1adi.

e Jls mouarkoBo-KpaiioBol 3aa4i Kormi-Heiimana jurst kBasitiHiiiHOrO Ia-
pabOJTITHOrO PIBHSHHS 3 HEJOKAJTBHIM P|u]-TaracianoM BBEICHO TTOHAT-
T Wo-10CSzKHIX C/IaOKNX PO3B'A3KIB Ta OTPUMAHO JOCTaTHI yMOBH iX

ICHYBaHHS.

e Hapejieno BapiaHnT jy1s pesrakcaliil 3aa4i BiTHOBIEHHS NIIMPOBUX 300pa-
YKeHb, OTPUMAHO JOCTATHI yMOBHU 11 PO3B’SI3aHHOCTI, Ta 3allpOIIOHOBAHO
cxeMy 11 altpoKCUMAaIllil JIJI peIaKCOBaHOI 3a/1a4l ONITUMAJJIbHOTO KepyBaH-
Hsl 1 IIOKA3aHO, 1110 OIITUMAaJIbHI ITapu JJIsl TaKOoI 3a/a4i MOXKHA HAOJIU3UTH

PO3B’sI3KaMHI BiJIITOBIIHUX alIPOKCHUMAIIHHIX 3a/1a4.

ITpakTuyiHe 3HaYEeHHS OJEpP>KaHUX pe3yabTaTiB. PoboTa HOCUTDH Teo-
pernunnii xapaxkrep. OTpuMani pe3yJbTaT Ta po3podJieH] CXeMU almpOKCHMa-

11 MOKYVTDH OYTH BUKOPUCTAHI IIPU B g3aHH]l ITPAKTUIHNX q K1
i1 MO 0 opucTaHi 03B d3aHHI 1Ipa 3aj1a4 3 00pob
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1 POBUX 300pazKeHb, M0 MITBEPKYETHCI MOJIEJIbHUMI PO3PaXyHKaAMU, SKi
HaBe/leHl B JIOJATKY.

OcobucTuii BHECOK 37100yBada. Pesyibrarn podoTn omy0/1iKoBaHO y H-X
CTATTSX, IO HAITMCAH] Y CIIBABTOPCTBI. [1ed mocipKenHs 3a1a4 ONTUMAJILHOTO
KepyBaHHs JUId piBHAHB [ lepona-Mautika, Hasiexkuthb nnpodecopy H.B. [Tapdino-
Bud. Y crarti [1] (nus. Crucok my6sikairiii 300yBada) 3100yBad 6paB yuacTh y
BIOOPI CXeMU alTpOKCUMAaIlil TTOCTaB/IeHO! 38/1a49i Ta JIOBIB KJII0U0BY Teopemy 11
PO ICHYBaHHS ONTUMAJBHOI [Tapu Jj1s BUX1JIHOI 3a/1a4l, a TaKOXK IIPOBIB JJOK/Ia-
JTHE JTOBEJICHHsT HU3KU 1HIIUX OCHOBHUX pe3yJsbrariB. Y crarti [2| 3100yBadesi
HaJIE2KUThH TlepeBipka yMoB Teopemu [llayiepa mpo HEpYyXOMYy TOUKY, a TaKOXK
noBejieHHst Teopemu 3.7. Y crarti [3] 3100yBaveBi HAIEKUT 1J1esT 3aCTOCY BAHHSI
pe3yabTaTiB boKKap/o mpo MOTOYKOBY 301KHICTH T'PAJIEHTIB 10 OOIPYHTYBaH-
HsI CXeMH aIIPOKCUMAaIlil ONTUMAJIbHUX PO3B’A3KIB I 1apaboJIiuHOIo BapiaH-
Ty piBHgAHb [lepona-Mastika. ¥ crarti [4] 3100yBavdeBl HAJICKUTH JTOBEICHHS
KJIIOYOBOTO pe3ysbrary (JIuB. TeopeMy 3) I0J0 TOMOJOIIYHIX BJIACTHBOCTEN
MHOZKHUHE JIOMYCTUMUX PO3B’si3kiB. Y crarti [5| 3m00yBadesi Hamexars ijel,
SIKl JIOBBOJINJIA 3aJIyIUTH HempsMuil 1miaxin (depe3 (GpiKTUBHI KepyBaHHsI) [0
JIOBEJIEHHs TeOpeMU ICHYBaHHS ONTUMAJIBLHUX Tap B 3aJiadl KepyBaHHSA CTaIlio-
HapHUM piBHSIHHAM [lepona-Mauiika.

Arpobariiss pe3ysbTaTiB AUCepPTAIlil.

3a pesy/jbraTaMi JucepTaliitHol podoTn OyJsio 3pob/ieHo JIOMOBI/II Ha:

— the 20th International Conference of Numerical Analysis and Applied
Mathematics, ICNAAM 2022, (19-25 September 2022, Rhodes, Greece;

— International online conference "Current trends in abstract and applied
analysis”, (May 12-15, 2022, Ivano-Frankivsk, Ukraine);

— The First All-Ukrainian scientific and practical conference with internati-
onal participation "Modern problems of mathematics: applied aspect”, (Zhytomyr,
May 30, 2024);

— VII International scientific and practical conference "Modeling, control
and information technologies”, (Rivne, October, 2024).

PesysibraTit poboTn TakoXK JIOIOBIIAINCH HA CeMiHapax:
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— Kadesipu MmaTemaTnaHoro anaJjizy Ta ontuMizarii J[HinmpoBcbkoro Harrio-
HaJibHOTO YHiBepcuTeTy iMmeni Ouiecst ['onuapa, JIHIpo, HEOTHOPA30BO MPOTS-
rom 2022-2024 pokis, (kepiBuuk ceminapy: m.¢.-M.H., mpod. H. B. ITapdino-
BIY);

— Department of Information Engineering, Electrical Engineering and Appli-
ed Mathematics, University of Salerno, (kepiBauk ceminapy: Prof. C.D’Apice);

— Kadenpu mudepentiagibuux Ta inTerpajbHUX piBHAHL KHiBCHKOTO Ha-
nioHasbHOrO yHiBepcurery imeni Tapaca [llesuenka, (criBKepiBHUK ceMiHApy:
..M., mpod. O.B. Kamnycrsn).

ITy6uikamii. Bei crarri [1-5] 31 Crmeky my6sikarniit 300yBada omy0iKo-
BaHO y KypHaJiaX, 1110 BXOJSTH JO HayKOMeTpudHoi 0asu Scopus. BijmosigHo
1o kiaacudikarnii Scimago Journal & Country Rank, crarrst [4] ony6iikoBana y
Bugandl keaptuao Q1 (mus. nocmmanns https:/ /www.webofscience.com/wos/
wosce/full-record /WOS:001130850400001), crarts [2| onybikoBana y BuIaHHI
kBapTuio Q2 (muB. mocmianus https: / /www.scimagojr.com/journalsearch.
php?q=21100256977tip=sidexact=no#google vignette), crarri [1-3] omybi-
KOBaHI y BujaHHsX KBapTumio Q3. Pemra mkepen — 1ie Te3u 0I0BIjIei.

CrpykTypa Ta obcar amcepTtalii. Jlucepraiiisi cKjialaeTbCs 3 aHOTAIIT,
nepesiiky YMOBHUMX IHO3HAUYE€Hb, 3MICTY, BCTYILY, YOTUPbOX PO3/11J1iB, BUCHOBKIB 1

nepeJsiiky BUKopucraHux Jjizkepes. [lopuuit obear podorn ckiiajiae 164 cTopiHoK.
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3MICT ANCEPTAIIIL

Y ecmyni qucepTaliiinol podboTH 3pod/IeHO HACTYIIHE:
1. Busnageno o0’eKT Ta mpeaMeT JIOC/IIIZKEHHSI.
2. OOrpyHTOBaHO aKTYyaJbHICTb TEMH JMCEpPTallil Ta IiJKPECJeHO BaryK/JIUBICTDH
TaKUX JOCILJIZKEHb JIJIsI Cy4acHOI HayKU Ta MPaKTUKH.
3. CchopMy/IbOBAHO METY Ta 3aBIaHHs JOC/IIIZKEeHHs, SKi 3/100yBad CTABUTh IIe-
pel1 coboro.
4. OmucaHo OCHOBHI ITIXOIM Ta METON JOCJIIXKeHHS, sIKl 3a/1yJajIncs i1 gac
pobOTH HAJI JIICEPTAILELO.
5. OxapaKkTepr30BaHO HAYKOBY Ta PAKTUIHY HOBU3HY IIPOBEIEHNX HOCII?KEHb.
6. Omucano CTPyKTypy JAucepraliiinol podoTu Ta 11 OCHOBHUI 3MICT.

B nepuwomy po3dint HABOJUTHLCS IIePeJiK BiIOMUX pe3y/bTaTiB Ta (paKTiB 3
¢ YHKIIOHAJIBHOIO aHAJI3y Ta Teopil PiBHAHbL B YaCTUHHUX ITOX1THUX, FKi IIPO-
MIOHYETHCS 3aJIyUUTH JIJI TPOBE/IEHH 3allJIaHOBAHUX JIOC/I1JIKEHb 38 TEMOIO JI1-
ceprarii. HaBejieno TakoxK mepejiik OCHOBHUX TEPIIO/KEPEST, PE3YJIbTATH IKNX
MOCJTY?KIJIM OCHOBOIO JIJIST JTAHOTO PO3/JILITY.

Apyeuii po3dia NPUCBIIEHO JIOCTIIZKEHHIO OJIHOIO KJIACy 3aJ1ad ONTHMAIb-
HOT'O KepyBaHHS JJIs HeJliHifinoro emxinrtmanoro piuganag Ilepona-Magika, gxe
Ma€ BUPOJ?KEHHSI B I'OJIOBHIll yacTuHi audepeHiiaabHoro oneparopa. OcHOBHI
PE3YJIBTATH [[HOTO PO3/IiTY OIyOsiKoBaHO y cTaTTi [2].

OcKiJIbKI KJII0YOBUM 00’€KTOM KepyBaHHsI B IIbOMY PO3/IiJII BUCTYIIAE PiB-
nanng [lepona-Marika, To BapTO CUHUTHCA HA TPUPOL ITHOTO PIBHAHHA Ta
fforo mpaxTUYHUX 3acTOCYBaHHAX. JloOpe BijoMO, 1110 piBHSIHHSIM J1npy3il HAa31-
BalOTh PIBHAHHS B YaCTUHHUX IOXIJIHUX, SKE OIKICYE PO3IO/ILI IIEBHOI CyOCTaH-
il B 3a/IaHOMY CEepEJIOBHUIII Ha OCHOBI KJIACHIHUX 3aKOHIB (Di3uku. 3a3Budail
1le PIBHIHHA MOXKHA IOJaTH Y BUIJISI

ou(x,t)

5 = V (C(u,z,t)Vu(z,t)), (1)

ne dyukiio C' HazuBaloTh KoedinieHToM Judysil, skuit Moyke OyTH K CKaJIsIp-
HOIO (PYHKITIEI0 KOOPAMHAT 00J1acTi (10 XapaKTepu3ye HeOJIHOPITHICTh cepejio-

BHUIla) Tak 1 HabyBaTw (Hopmy Terzopa (110 OIMCcye aHI30TPOINHI BIACTUBOCTI
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TAKOTO CEPEeJIOBHINA). ICHO, 10 Take DIBHsSIHHSI CTae HEJIHIHHUM, SIKIO KOe-
dimienT audysii 3a1eKuTh Bija KoHuenTparil u. Pazom 3 tum, skio C' = 1,
TO OTPUMYEMO KJIACUIHY MOJEJb TEIJI0-MaCco IEePEHoCy, 9Ky MOXKHa MOJaTH Y

BUIJISI Takol 3a1a49i Korri

Ou(x,t)

5 Au(z,t), zeRY t>0, (2)

u(w,0) = f(x), =eRY. (3)
Jlerxo mepesiputu, mo s 6yab-axoi dynxmii f € CO(RY) N L*(RY),
equHnii po3s’s30k 3aa4i Ko (2)—(3) MoxkHa mogaTn y BUIsI
fW)G(x—y,t)dy=f*xG, t>0,
RN
f(z), t=0,
ne dyHkiig G Mae BUIJIA

G@J):eﬁﬁaﬁkfﬂ,

reRY, t>0. (5)

3 (4) BujiHO, 1110 PO3B’SI30K PIBHSIHHS TEILIOMPOBITHOCTI SBJIsSIE COHOIO 3rOPT-
Ky I0YaTKOBOI'O PO3IOJILIY TeMmiiepaTypu 3 dyHKIieo [ayca 3 mapamerpom
cTaHIapTHOTO Biaxuiaenus o = 2t. Taka omnepailiis jo0pe Bijoma B Image Pro-
cessing 9K eeKTHUBHA CIIeKTpaJ/ibHa (piIbTpalliss HI3bKO YaCTOTHUX CKJIAIOBUX
B dbynxnii f € CORY) N L®(RY) i 1i 3a3suvaii BUKOPUCTOBYIOTH J1JIs1 3IJ1a-
JKYyBaHHST NG POBUX 300parkKeHb IIJISIXOM yCepeIHEeHHsI X 3HaAYeHb Y IIeBHOMY
okoJii. Biracue 1ieit pakT 1 OC/Ty?KUB OCHOBHOIO 1JI€€10 JIJIsd 3a/1yUeHHs PIBHAHD
nndysil 10 00podbKH 300pazkenb. [IpoTe MpakTUIHE BUKOPUCTAHHS TAKOT MOJIET
Ma€ OJIMH CyTTEBUIT HEJOJIK: 11 BUKOPUCTAHHS B 3ajladax 0OPOOKHU 300parkeHb
PU3BOJIUTH JI0 HEOAXKAHOTO PO3MUTTS TUX YACTUH 300PayKeHHs, /i€ MICTATHCS
Kpal, KOHTypHu Ta inmmi mexi. Biracue igest P. Perona ta J. Malik’a mosisrasa B
MOTDIKAIIT PIBHAHHS TEIJIONEPEHOCY MIJIAXOM 3a/IydeHHsT TAKOro KoedilienTa
nudysil, sIKuit 01 3a/1ezkaB Bijl TEKCTYPHOI CKJIaI0BOI caMoro 300parkerHst. s
1IbOT'O OYJIO 3allPOIIOHOBAHO OB A3aTH KoeilieHT audy3il 3 JIOKAJIbHOI ITOBe-

JIIHKOIO Ipa/IieHTa 300parkeHHsI. A caMe, sIKIITO HOpMa, Ipa/JIi€HTa B 3a/aHiil TOUII
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€ He3HAYHOIO (TOOTO MOBa ijie PO 30HY OJHOPIJHOCTI B TAKOMY 300parkKeHHi )
TO KoedilieHTy audy3il NPUINCYIOTHCA BEJINKI 3HAYEHHS JJIsi OLIBII CUJILHO-
ro 3rVIaJiKyBaHHS B IMiit obOsacTi. [IpoTe B TUX Miclgx, Jile HOpMa TpaJi€HTa €
BEJINKOIO (11 OKOJIM KOHTYPIB, M€K, KpaiB) BapTO OUYiKyBaTH MeHIIOI Judys3ii,
o0 YIOBLILHUTHU TIporiec udy3il Ta 30epertTu YiTKMMU KOHTYPHI 0COOJINBO-
cti 300paxkennsi. OT:Ke, B 3arajbHOMY BHIIQJIKYy I0YaTKOBO-KPaoOBYy 3aJady

[Iepona-Mautika MorkHa TogaT y BULIsiI Takol 3aja4 Korri-Heiimana

ML) G (T Tule ), s a0 ()
ou(z,t)
T—O, Ha x € 0f), (7)
u(z,0) = f(z), B €. (8)

[Ipu npoMy TuOBUMHU IpuKJIagamMu Budopy GyHKIil C' € Taki BapiaHTH
)\2

€)= 3rw

C(s%) = exp(—s°/X\?)

npu jiesdkoMy 3ajanoMy A > 0.

Ax Bugnao 3 (6), omeparop — div (1 i |2> He € Hi MOHOTOHHUM aHi Koep-
nuTUBHUM. Lle THIOBMIT NPUK/IAJ OlepaTopa JAUBEPreHTHOrO THUILY 3 CUILHUM
TUIIOM BUPOJZKEHHSI 1 JIJIsI SIKOIO He BUKOHYIOTHCS CTaHIAPHI HA CHOIOJHI IIPU-

. o 22
yTIEHHST MO/I0 MOBEJIHKN BaroBOro MHOXKHUKa p(x,t) = peEmeIE (muB.,
wanpukia, [50,52,83]). Buacue g obcraBuna i mocTyKuia OCHOBHOIO MOTH-
Balli€lo JIJIs0 JIOCTiIzKeHHsT piBHsAHD [lepona-MaJiika sik 00’€KTiB KepyBaHHs, a
caMe, B JIDYTOMY PO3JILIL PO3IJISLAAETHCS TaKa 3a/1a49a, ONTUMAILHOTO KePyBHH

JUUTd cTarionapHoro BapianTy piBuannag [lepona-Maitika:

(R) Minimizysatu J(v, u) / lu — ug)?dz + = / |Vul? do+

o5 ek [0 (p)| @

38 HAsJBHOCTI OOMEXKeHb

_ Vu
— le (m) + au = v B Q, (10)
Jyu=0 mna 09, (11)
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O<u(lr) <M wmc. B € (12)
v € Vag = L*(Q). (13)

3po3yMiIo, IO 1151 3a/1a4a € 3MICTOBHOIO JIMIIE 38 YMOBH, KOJin MHOKHUK 1/(1+
v 2 . 6 . . H .
|Vul?) e dynkuieto 3 obmexenoro Bapiariero. [Ipore HaBITL B 1[bOMY BUIIAJKY
icCHYBaHHSI PO3B’I3KiB TaKOI 3a/1a4i 3a/IMIIAEThCA HeTPUBIAJIbHIM ITUTAHHSIM.
Ki1r010B0I0 1/1€€10 10BEJIeHHS IIPOOIeMU PO3B’sI3aHHOCTI TaKol 3ajadi I10-
CJIy>KUB MeTOJ] (DIKTUBHUX KepyBaHb B MOEIHAHHI 3 MPOIE/IyPOIO AITPOKCUMAITi]
BUXIJTHOI 3a/1a9i CyKYIHICTIO ITapaMeTPU30BaHUX 3a/1a49 I 00’€KTIB 3 OLIbII
POCTOI0 CTPYKTYpoto. A came, 3amicTh piBHsiaHs (10) TPOMOHYETHCS PO3LJIs-

HYTH JIiHIIIHE eJIIITUYHe PIBHAHHSA
—div(pVu) +au=v B

B gkoMy yHkiis p € BV(Q) Bucrynae (iKTUBHUM KepyBaHHsIM. A I0J10

dbyukiionany Baprocti (9), To BiH 3aMiHsIeTbCst Ha 30ypenuit GyHKIOHAT Bl
e RINY
L 1 1
(Re) Minimizysarn J.(p,v,u) = J(v,u) + —/ p———=| dz
€ Jq 1+ |Vu\2
Jie € > 0 € MaJIUM [1apaMeTpoM.

Ha npomy mistxy OyJio mokasaHo, Mo KOoyKHa 13 30ypeHux 3a/a4d ONTHMab-
HOI'O KepyBaHHS Ma€ HEIOPOKHIO MHOYKUHY PO3B’SI3KiB 1 Oy/Ib-sKa, X 11OCJIiJI0B-
HICTH BiJIHOCHO nlapaMeTpa € > 0 B rpanumi npu € — 0 npgmye J10 napu, 1o
€ ONTUMAJILHOIO JIJIT BUXIJIHOI 3a/iadi KepyBaHHs. TuM caMum OyJsio JI0BEJEHO
akT po3B’st3aHHOCTI 331441 ONTHMAIBLHOTO KepyBanHst (9)—(13), a Takoxk Mmoka-
3aHO IO JIesTKi 3 11 ONTUMAaJIbHUAX T1ap MOYKHA HAOJU3UTH PO3B I3KAMU 331449 3
dikTuBHnME KepyBanusgmu. HacaMkinenb, /st 30ypeHnx 3ajad Oy oTpuMaHi
HEOOXI/THI YMOBH ONITUMAJIBLHOCTI Ta, HEBEJIEHO 1X CTpOre OOTPYHTYBAHHS.

Tpemiti po3dia TPUCBSIIEHO TUTAHHSIM ICHYBaHHsI PO3B’SI3KiB HACTYIIHOT 3a-

Jladi OITUMAaJIbHOI'O KepyBaHHs JIJIsI €BOJIIOIIHOI Bepcil piBHsHB [lepona-Mautika

1 At
(R) Minimizysaru J(v,u) = —/ lu(T) — ug|?® do + —/ / |Vul? dodt+
2 Ja 2Jo Ja
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Y T 2 1
— dxdt Dl —— 14
+2/0 /w'“' . +/T )| (W

3a HasBHOCTI TaKUX OOMErKeHb

up — div % =uvxy B Qr:=(0,T)xQ, (15)
dyu=0 mna (0,7)x 0Q, (16)

u(0,-) =uy B £, (17)

v € Vg := L*(0,T; L*(w)), (18)

B igefinoMy miaHi 1eil po3aigi MaJgo YUM BiIPI3HSETHCS Bijg PO3ALIy 2.
TyT TakoxK 3aaydacTbcsd MeToj (PIKTUBHUX KepyBaHb B IO€JHAHHI 3 IpOIie-
JIyPOIO allpoKcuMallil BUXIIHOI 3aja4l CYKYIHICTIO IapaMeTpU30BaHNX 3a/a4
JUIst 00’€KTIB 3 OLJbII IIPOCTOI0 CTPYKTYporo. PaszoM 3 TUM, 3 TEXHITHOI TO-
YKU 30PY Teil po3Jiijl € OLIBIT CKJIATHUM, OCKIJILKI BIMAra€ 3a/1ydeHHs 1HIIOT
TEXHIKN JIJIsT OOTPYHTYBaHHsI. 30KpeMa, KJIIOYOBUM KPOKOM B JIOBEJI€HHI 30i-
JKHOCT1 ONTUMAJILHUX PO3B’sI3KIB 30ypEeHUX 3aJ1a4 JI0 ONTUMAJILHOT Tapu 3a/1a4i
(14)—(18) mocayzxuin pesynbratu poboru [16], e aBropm BCTAHOBUIIN TOCUTH
TOHKY BJIACTUBICTb /I T'PAJIEHTIB MapaMeTPU30BaHUX I10YATKOBO-KpailloBUX
3a/1ad, a caMe IX IMOTOYKOBY 30iKHICTh. 4K i B IonepeiHboMy PO3/IiJii, TYT J0-
BEJICHO TeopeMy 11po po3B’s3anHicThb 3aja4i (14)—(18) ta nokaszano, Imo Jesiki 3
iT oNTUMAJILHUX MTap MOYKHA HAOJU3UTH PO3B’I3KAME alPOKCUMAIIITHIX 38184
JUIsl JIHIHHEX 11apadoJigHUX PIBHSIHD.

Y uemeepmomy po3dini PO3TIISIAETHCA 3a/1a9a ONTUMAIBLHOTO KepyBaHHS
JUUTsT KBasi-JIHIHHOTO MapadoJiTHOrO PIBHSHHSA, PO3B’SI3KN KOl MPOMOHYETHCA
pPO3TJII/IaT K Pe3y/IbTaT BiJIHOBJIEHHS 300parkKeHHs, sgKe TOIIKOJZKeHe a/lJ1-
TUBHUM Ta KyMyJATHBHUM IrymMoMm. Ilapabosidgne piBHAHHS, 1m0 € 0a30BOIO
CKJIaJIOBOIO TaKOI ITIOCTAHOBKHU, MOYKHA TJIYMAUUTH K II€eBHE y3araJbHEeHHS eBO-
sorifinoro piBugnHs Ilepona-Masika. Xoda Take piBHAHHSI He € (hOpMaJIbHO
BUPOJIZKEHUM, Or0 XapaKTepHOIO BIIMIHHICTIO € criennivaHnii TUI HeJTiHIITHO-
CTi 3BMIHHOI'O MOPSIJIKY, SIKHil HEJIOKAJIHLHO 3aJIe2KUTh Bijl pO3B’I3KYy caMmol 3a/a-

ai. OTke, aHi Tenszop axizorponHol audysii D, (t, r) Hi MOKA3HUK HeJIHIHHOCTI
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pu(t, ) He € a priori 3ajaHUMU, a MOXKYTb MIHSTHCS B 3aJI€2KHOCTI Bij 1mOBe-
JIUHKW TPaJIi€eHTa PO3B’ 3Ky 1. B pe3y/ibTari mocrae HeTpUBIaIbHOIO TPOOJIEMOIO
IITaHHSI I0JI0 ICHYBaHHS PO3B’sI3KiB BIJIIIOBIIHOI 1T0YATKOBO-KpailoBol 3a1adi,
OCK1JIbKI 3p00JIeH] B JIaHiil jcepTallil IPUITYIIEHHs] HE rapaHTYIOTh 3012KHICTh
IIOCJIIJOBHOCTI allpOKCUMATUBHEX 3a ['arbopKinuM HaOmmKkenb. OTxKe, cTangap-
THa CXeMa JIOBEJIeHHA ICHYBaHHS CJIa0KNX PO3B’d3KIB cTa€ HempujaaTHoio. Ha-
TOMICTh, B HeJaBHiil pobori [10] Oyso 3ampornoHoBano nepeiiT 0 MoOyI0BI
CUJIbHUX PO3B’SI3KIB TaKMX 3a/a4, sKi O BUPIZHSAINCA JIOJATKOBOIO PEryJIsdpHi-
crio u; € L*(Qr). Pasom 3 TuM, icHyBaHHSI TaKMX PO3B’A3KIB € MOAKIMBUM

JIMIIIE 38 BUKOHAHHS JBOCTOPOHHLOI HEPIBHOCTI

2N

— _<p <pt <2 19
or N PSP (19)

B sKiii [p~, pT] € mlanas’onom MOK/IMBUX 3HAUEHD JIJIst SMIHHOTO [OKA3HUKA He-
JIHIHOCTI.

OckisibKu BukoHaHHsT yMOBH (19) € CyMHIBHUM B HAIIIOMY BUITAJIKY, TO JIJIs
obpaHoI 1mouaTKoBO-KpaitoBol 3a1a4i Kormri-Helimana j1j1s1 kBasziiHiiiHOro napa-
OOJTITHOTO PIBHSIHHST 3 HEJIOKATBHUM Py (T, x)-amiacianom 0yio BBEJICHO TTOHSI-
TTs1 Wo-10CS2KHIX CJIA0KUX PO3B’SI3KIB Ta OTPUMAHO JOCTATHI YMOBH 1X ICHYBa-
HHs. Taxi po3B’I3KM MPOIOHYETHCA PO3YMITH K T'PAHUII TTOC/IIOBHOCTI ¢J1ab-
KHX PO3B’SI3KiB ClleliajbHO CKOHCTPYHOBaHUX alpoKcuMaliinnx 3ajgad. [Toka-
3aHO, 10 KOYKHOMY JIOIIYyCTUMOMY KEPYyBaHHIO Bi/IMOBiae npuHaitMmi ogma Wy-
JIOCSIKHIIM cj1abKuilt po3B’sa30K. PazoM 3 TuM, sl po3B’sI3aHHOCTI BiAIIOBITHOL
3aJ1a91 OIITUMAaJILHOIO KEPYBaHH IIHOTI'0 BUABUIOCA HE JIOCUTH, OCKIJILKH 3aIIPO-
IIOHOBaHMUI (DYHKITIOHAJI SKOCTi, He3BaKalOun Ha 0o IPUPOJIHY CYTHICH, MOXKE
BTpadaTi KJIIOUYOBY BJIACTUBICTH HalliBHeIepepBHOCTI 3HI3Y. OTrKe BUXiHA 3a-
Jlada ONTHMAJIbHOTO KePYBaHHS € IIOraHO 00yMOBJIEHOIO 1 BOHA, ITOTPEOYE MEBHOI
penakcarrii.

B 3B’s13Ky 3 IIUM B 4eTBEPTOMY PO3iji Oy/10 3alIpOIIOHOBAHO OJUH BapiaHT
JIJISl peJlakcallll BUX1JIHOT 3a/iadl Ta MMOKa3aHo, 0 B I[bOMY BUIIQJIKy MHOXKHHA

ONTUMAJIbHIUX PO3B’sI3KIB He € IMOpOKHBOIO. Ha 3aBepiieHHs po3iiiy, po3rJis-

HYTO IHUTaHHS I10JI0 allpOKCUMallll peJakKcoBaHOI 3a/iadl ONTUMAaJIbHOIO Kepy-
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BaHHS Ta IIOKAa3aHO, 1[0 ONTUMAJbHI IIapy JIJIsI TaKOI 3a/adi MOYKHA, HAOJIU3UTH

PO3B’dI3KaMM BIJIIIOBIIHUX allpOKCUMAaIITHIX 3a1a4.

32



PO3I1JI 1
Ilonmepeani pe3yabratu Ta pakTH

B 1iboMy po3Jiiii HaBOJUTHCS MTepeJiiK BiIOMIX pe3y/ibTaTiB Ta (pakTiB 3 (pyHK-
IIOHAJILHOTO aHaJIi3y Ta Teopil PiBHAHb B YaCTUHHHUX IOXIJIHUX, SKi OyJIyTh
3aJTyveni /i TPOBeJIeHHs MOIaIbIIOro anasizy 3a TeMolo jJuceprariii. B skoc-
T1 OCHOBHUX TEPIIOJZKEPEST JIJIsl JIAHOT'O PO3JILIY MOCTYXKUJIN MaTepiaan TaKuxX

myosikamniit |7,12,16,23,30,31,60,69,72,75,83,84].
1.1. dPyHKIiOHAJBHI IPOCTOPH

Hexait ¢ € RY ta n € RY e gosinbunmu sexropamu, Yepes (€,1) = &
IO3HAMNMO iX cKaaapHuii 100yTok B RY, e ! € onepaTopoM TpaHCIOHYBaHHS.
Toni vopma |€| BusHauaeThes sk |£] = 1/ (&, ).

Hexait ) e 10BinbHOI0 06MezKenomo BigkpuToio mammoxunoo RY (N > 2)
3 JIOCTATHO IJIaAKOI0 Mezkero. Haasl 6yaeMo BBazKaT, o OJANHIYHA 30BHINIHA
HopMasib v = v(x) € 106pe oznadenomo i HY s, o € 08, ne ckopodenns
HY~Lm.B. ozHauae 'Maitzke 1uia Beix’ 1o Bigpomtentio 10 (N —1)-BumipHol Mipu
Xaycnopda HY L. Jlna nosinbroi Muoxunu D C  nosnadatumemo depes | D
i N-umipny mipy JleGera £V (D). Jlng BusHadUeHHs jiaMeTpy MHOXKHHI )
ckopucraemocs npasuyiom diam Q = sup, ,cq |2 — y|.

Hexait X e goBiabHuM 6aHaXOBUM IIPOCTOPOM HaJl MOJIEM JHCHUX ducest i
Hexail || - ||x € Hopmoto B 1ipoMy mpoctopi. Hexait mami X' osnavae pyasibHuii
npoctip 1o npocropy X. Hepes (-, ) y. x 103HAYATHMEMO OEPAILIO JyabHOro
craproBams ma X' X X, a depes — Ta — — caabKy Ta *-ciabKy 361KHOCTI B
HOPMOBaHUX IIPOCTOPAX, BIJIIOBIJIHO.

st noBisibHOTO cermapabebHOro 6aHAXOBOTO MPOCTOPY Y, TO3HAYMMO de-
pe3 C([0,T];Y) npocrip ycix nenepepsuux dyukiiii 3 [0,7] B Y.

Oynkmio u : [0,7] — Y wasuBatorh BuMipHOWO 3a Jleberom, gKio 3Haii-
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JIeThCsI TIOC/IJIOBHICTE KYCKOBO cTaynx QpyHKiii {uy} peN TaKWX, 110

N

_ k
up = E ;X ¥

j=1
JUTsT CKIHYEHHOTO JHcja My O0peseBUX i IMHOXKIH A;? C [0,7T], ne af eY., i
15l TTOCJIJIOBHICTD 30iraeThes JI0 4 MalizKe CKpi3b BIJHOCHO JieOEroBol Mipu Ha
[0, 7). Tomi LP(0,T;Y) npu 1 < p < 00 € IpocTOPOM yCiX BUMIpHUX (DyHKIIIit

u: [0,T] =Y Takux, mo

T z
[ullzro,ry) = (/0 Ju(t) ||} dt) < 0.

[To0 poctopy L*°(0,T; X), To BiH € IpoCTOPM yCiX BUMIpHUX (DYHKII, JJist
SIKUX

|| o 0,7:x) = sup |Ju(t)||x < oo.
t€[0,1]

Takum qunom, LP(0,T; X) € 6anaxoBUM [TPOCTOPOM 1 JIyaJbHUM JI0 HBOTO €
LP(0,T; X"), nep’ = p/(p—1). Bokpema, nis dbyuxuiit f € L?(0,T; L'(Q)) mae
micie Briovennst f € L1(0,T; L2(Q)), ockinbkn 3a nepisnictio MiHKOBCbKOro

ClIpaBe/IJIMBO

T ) 1/2
1l ez 0.0 ) = (/ </ |f|dx> daz)
0 Q
T 1/2
S /Q (/ |f|2dt) dr =: || f|lz10.m:02(0))-
0

Otsxe, MoxKHa BBazkaTu, mo Braajgenns L2(0,T; LY(Q)) — LY(0,T; L*(Q)) e
HerepepBHUM. Bisbirie metaseii o0 Takux mpocTopiB MoxKHa 3HafiTu B [30].

Jns saganoro 1 < p < +oo, npocrip LP(€; RY) o3naunmo 3a npasmiom
PRY) ={f: Q=R o ||fl@ry) < +o0},
ae [ fllorryy = (Jolf(2)P dz) p Cranspunii 100yTok 1BoxX QyHKiil f Ta

g B L2(;RY) naerncs npasmiom

F)pasy = [ (@) o) do = [ 3 fil@ala) o

Q=1
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1.1.1. IIpoctopm CoboJjieBa, OCHOBHiI BJIACTUBOCTI

[osnaunmo gepes C°(RY) nokambHo omyKiimit IpocTip Beix yHKIiit 3 KomMIia-
KTHHUMU HOCIsIMH, sIKi € JudepeHIiiioBaHnMI HeoOMeKeHY KiJbKicTb pasiB. 3a
. o . . .
anasioriero nokyaagemo C§°(2) misa dyHkmiil, HOCIH IKIX € KOMITAKTHOMO ITiji-
muozunoro €. Osznaunmo Ganaxis npocrip Cobosesa WP(Q) 3 nokasnuxom

iHTerpoBaHocTi p > 1 gx 3amnkanaa O (RY) Bimnocno nopmu

1/p
- ( / W + [VyP) dx) |

Osznauanvo taxozx mpoctip Wy (Q) sk samukanns C3°(€)) BiIHOCHO HOPMHE

| - [lwrr(e)- Axmo p = 2, To mpoctip W, 2(€) € rinpbepToBuM i HO3HAYATHMEMO

itoro sik H} (). YV Bunajky p = 2, sajyuarnMemo Takozk nozuadenns H1(Q) =

W12(Q). Hexait seroau gani H'(Q;09Q) = {u € H'(Q) : 2 =0on 90Q}.
Yepes (Wl’p(Q))/ OyJeMo mozHavaTH jyaabhuit go W1HP(Q) npocrip. Ma-

I0Th MicIle Takl BIJIOMI pe3y/ibTaTH:

e Hexait p > 1. Toxi snaitjgernes crana C, sika 3ajaexxkuthb Big 2, N Ta p

TaKa, II10
HUHLP(Q) < CHVUHLP(Q)Na Vue Wol’p(Q);

Np

e Hexait 1 < p < N i mexait p* N Al P* HA3UBAETHCSA EKCIIOHEHTOIO

Br1aennst Cobostesa. Toui 3naiijierses craa S, (3a1exHna smite Big N

Ta p) TaKa, M0

lull ) < SpllVullyrngy, Ve Wy™(Q);

e Hexaii 1 <p < Niunexait 1 <q < p*. Toui rnagenns WP(Q) s LI(Q)

€ KOMITaKTHUM;

e Ockinbkn Braajenns HE(Q) — L*(Q) e nenepeBHnM Ta IIILHAM, TO

Hy () € L*(9) = (LA() C (Hy(Q)) = H(Q);
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. 1 i
e 3 nenepepsHocti Baagenns Wy (Q) B LP () Buiuiusae, 1o BKJIAIEHHsI

!/
(Lp*(Q))/ = LP(Q) B (Wol’p(ﬂ)> = W~7(Q) e nenepesuum npu p’ =

L _ip, =_Np
p—1 1 Px = Np—N+p-®

B nopasibimoMy anasiizi BayK/JIUBY poJib OyJie BijlirpaBaTH BijjoMa TeopeMa
BrJasienis Gagliardo-Nirenberg’a (mus. |68, Lecture 11]). [ozo immmx pesysin-

TaTiB B 1iit 001aCTI, MOZKHA CKOpUCTATHCS TaknMu nocuaarnsMu [12,60,69,75]).

Teopema 1.1.1 (Gagliardo-Nirenberg). Hexatl ¢ynruis v nasesrcumv mHo-
orcuni Wha(Q) N LP(Q), 6 axiti g = 1, p = 1. Todi snatidemvcs dodamma

cmana C, axa 3anrescumsv 6id N, q, ma p, maxa, wo
0 —0
[ollzr0) < CIVOll gz 0150
oan ecix 0 17y, AKi 3a0060ADHAIOMD YMOBU

1 1 1 1-0
0<0<1, 1<vy<+oo, —:(9<———)+—. (1.1)
g q N p

Ax HACTIIOK MHOTO TBEPJXKEHHA, MA€ MicIle TaKUil pe3yJIbTar.

Hacmigok 1.1.1. Hexaii v € L0, T; W (Q)) N L>®(0,T; L*(Q)) npu o =
14+0,0e0<d<< 1. Todive L (Qr) 3y = ozw i NPU YHOMY

HUHLV(QT CHUH(L]ZIQSTL? HVUHJLVIQOTLa(Q)) (1.2)

Jlosedenns. Bapmm ¢ = o, p = 2,160 = baunmo, mo ymosu (1.1)

N+2 7
JIMKTYIOTh TaKl PIBHOCTI

(N +2)a 2

= 0 = 1—-0)=—.
gl N W=a a(l-0)=—
Toni, 3a mepisnicTio Gagliardo-Nirenberg’a, Mmoxkemo 3anucarn
1-6
oI} / ot )" de < CIVoON T gz 0O 20

OTxke

T T 2
/0 / o(t)] dedt < C / IV 0(8) [0 ey D)

2« T
<ol | IVt (13
B pesysbrari anoncosana nepisaicts (1.2) Bumamnsae 3 (1.3). O
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Ha zaBepiensst 1boro mijipo3;iijly HaBeJeMO BiJOMUil pe3y/ibTaT pyHKIIIO-
HAJILHOI'O aHaJIi3y IIPO PeryJisipHicTh KoMIIo3ulliilt ¢pyHKIiiit 3 npocropy Cobo-
nepa H(Q) 3 ninmmmunp-nenepepsroo dynknieio G : R — R. 3okpema, AKIIO
mimmunb-wenepepsra Gyukiis G @ R — R e takoo, mo G(0) = 0 i u Ha-
nexxuth npocropy HY(Q), To G(u) nanexurs HY(Q) i npu upomy VG (u) =
G'(u)Vu wmaiike ckpisp B ). Orxke, noknasimm G(s) = Ti(s), me Ti(s) =

max {—k, min {s,k}} a k > 0 € 3a1aH010 OPOrOBOIO BEJIMIMHOIO, OTPIMAEMO

VT (u) = Vuxp{|u| <k} waiixke ckpisp B ().
1.1.2. IIpoctropu Opanua

Hexait Q C RY € obMexkeHO010 3B’ S3HOIO BIJIKPUTOIO MHOYKHHOIO 3 JIOCTATHHO
peryiastpaoio Mexkero OS2, Hexait T' > 0 € 3ajanuM gogaraiM dncjioMm. [lokiagemo

Qr = (0,T) x €. Hexaii Bimobpazkensst p : Qr — R € Taknm, 110
l<p <plt,r)<p"=2 mc. B Qr. (1.4)

Hanani dyuxiio p(t, x) 6yaeMo HA3UBATH 3MIHHIM TOKA3HUKOM 1HTErPOBAHO-

cri (a60 KOpoTKo, 3MiHHO0 ekcronentom). okmanemo p/(t,z) = 252 jg
) : ’ p(t,z)—1

CIIpSIZKEHOI eKcroHeHTH. 1o/l

2:p+—1 gp’(t,x)gp — MCB Qr, (1.5)
—— ——
(t) (p~)

ne depes (p~) ta (pT) no3HaUEHO ClIpsYKeH] BeJIMIMHY JI0 P~ Ta P, BiIOBIIHO.
IToznaunmo uepes LPO)(Qr) muozxumny Beix Bumipnux dyuknii f: Qr — R

TaKux, 110

Ppta)(f) == / £ (t, )P dadt < co.

Tomi Lp(')(QT) € pedpyieKCHBHIM cerapadeIbHIM OaHaXOBUM ITPOCTOPOM BiJIHO-

cro Hopmu JlokcemOypra (aus. [23,31])

11 L2 (@) :inf{)\ >0 : / AL () [PET) dedt < 1}. (1.6)

T
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[Ipocrip LPC (QT) e nnesauM piznosuiom Musielak-Orlicz mporopis, 1110 y3a-
raJbHIOITH 1pocTtopu Jlebera. B 3B'a3Ky 3 muMm, Oarato fioro BjacTHBOCTEI
HAC/IJIYIOTh BJIACTUBOCTI KJIACHIHUX JIeDEMOBUX MPOCTOPIB. 30KpeMa, JTBOCTO-
ponns oninka (1.5) rapantye minpnicts muoxumn CP(Qr) B LPX(Qr), a Ta-
KoK Toit daxt, mo L®(Qr) N LP*O)(Qr) € Takox mMiIbHOI IHiIMHOKHHOIO
L9(Qr).

Hyansunm 10 nporo € mnpocrip LP((Qr), mo6ro Gynb-suit sinifinmit me-
nepepsruit dynxmionan F = F(f) nan LPO(Qr) mae surisan (mus. (83, Jle-
Ma 13.2])

F(f) = . fogdxdt, 3 ge L"Y(Qr).

CriBBiIHOIIEHHST MiXK MOJIYJISIPHOIO (DYHKITI€I0 pp(t,x)( f) Ta Hopmoro (1.6) He
€ TAaKNM IPAMUM K B KJIAaCHIHUX JIeDeroBux mnpocropax. PazoMm 3 Tum MoxKHA

IIOKa3aTH, M0 MaloTh MicIle TaKl HEePIBHOCTI

it 180 00 oy § < ot (F) <

< max {710 my: 1 macrion }-
1

min {57 (P (D)} < Il <

1 1

< max {p;;w(t,x) (f)? p;:(t,x) (f)} : (17)

3ayBasKIMO TaKOK, IO

Hpr_ . 1 < fQT |f(t7x)|p<t’x) dl’dt HfHLPw 17 (1 8)

e v/ e LOQr), |

—0 <= [, |fst,z) — f(t,2)|P") dzdt — 0
— Fll e Qr ’ ’ 1.9
1 fx = Fllro ) it k- 00, (1.9)
i npu mpoMy MaloTh Micre Taki oninku: sixkmo f € LPO(Qr), T
1

£l o) < L+ TIQNY” Hflle() Q1) (1.10)
1l zoi@n < A+ TN fll o). (1.11)

(nuB., nanpukiazn, [23,31,81]).
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o Toro x, B TaKIX IIPOCTOPax BUKOHYEThCsI HepiBHiCTh FOHra B HACTYIIHI

Bepcll

p(-) P'(
\fg\<s|£|() o

)’

1e C(e) e neBHOIO cTaNIO0, a £ > 0— MOBIbHUI apaMeTp.

[Tomanbmmit pe3yabraT MOXKHA pO3TJIAJATH 9K y3araJbHeHHS BiJIOMOI He-
piBHoCTi ['bosTBIEPA J1JIs1 JIE6ErOBIX ITPOCTOPIB 31 3MIHHO €KCIIOHEHTOO (J0Be-

neHns nus. B [23,31]).

Teepmxenns 1.1.1. Txwo f € LPOQrRY) i g € LPOQrRY), m
(f.9) € LYQr) i npu yvomy

/ (F.9) dadt < 2| flogumn 9]0 gy (1.12)

T
Ak macmigok 3 (1.12), MmoxKHa mokasarn, 1mo it Maokuan Qp = (0,77) x
ta QyHkuil p(-), sgxka 3ag0BosbHsAe yMoBy (1.4), Mae Miclie Take HelepepBHE

BKJIaJCHHA

PO(Qr) = L"(Qr) s3a ymosn p(t,z) > r(t,z) mmsas. (t,z) € Qp.
(1.13)
Hexait {pi} ey C 00,3(@) 1pu gesikony Masonmy 0 € (0,1] € oBinbHO©

IIOCJIJIOBHICTIO eKCIIOHEHT. [Ipumycrumo, 1o

D, Dk € C’O’g(@) st k :_1, 2,..., Ta (1.14)
pr(-) — p(+) piBHOMIpHO B Q7 1IpU kK — 00. '
[ToB’si2keMo 3 €O TOC/IIOBHICTIO MHOXKHUHY (DYHKITIiT { fr € ka(')(QT)} LeN
XapaKTepHOIO 0COOJIMBICTIO T1i€T MHOXKUHU € Te, 1110 KOYKeH 11 eJleMeHT f; HaJjie-
KT Bimosinnomy mpocropy Opimaa LP#C (QT) OT2Ke 110 MHOXKUHY MOYKHA
POBIJISIIATH SIK TTOCJIJIOBHICTD B IIKaJi 3MIHHUX ITPOCTOPIB {ka(') (Qr) } FeN-
Bynaemo kazaru, 110 1MoC/IiI0BHICTD { fr € Lpe(0) (Qr) } ren € 0OMEXKEHOI0, AKIIO

limsup/ | f(t, ) [P dadt < +00. (1.15)

k—o0 T

Osznauennsa 1.1.1. Obmesicena nocaidosricmo {fk € ka(') (Qr) }kGN HA3UCA-

emuvea caabko 36icno0 6 aminnomy npocmopi Opauva LP+¢ (QT) do pymryi
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ferP(Qr), dep e 00,3(@) € epanuyero {Pi} ey C COE(@) 6 PIBHOMIPHIT
mononoeii npocmopy C(Qr), axuo
lim frodxdt = | fodrdt, Vo CPR x R?). (1.16)
b0 JQr Qr
Ha 3aBepineHHst boro mijpo3/iiay HaBeJAeMO OJUH Pe3y/IbTaT, Kl CTOCYE-
THCs BJIACTHBOCTI HariBHenepepsrocTi LP+()-popMin BiaHoCHO c1a6Kol 3612KHOCT

B 3MimHOMy npoctopi LP*)(Qr) (nus. ps nopisnamms [1, Lemma 2.1]).

Teepakenns 1.1.2. frwo nocaidosnicms excnonenm {py},cy 30$00604vHAE

ymosy (1.4), pr — p npu k — 00 M.c. 8 Qr, a obmedcena NocAidosHICM
{fr € ka(')(QT)}keN caabko s6icacmuvea 6 LP (Qr) do f, mo f € LPY(Qr),

fr = f 6 aminnomy L) (Qr), ma

k—o0

lim inf / | fro(t, ) [P dadt > / | £(t, ) [P dadt. (1.17)

Hosedenna. Ilpuiimatoun 10 yBaru, Imo

t, )
t,z)|Prte) g dt—/ p(t, t, )P0 dadt
1

< |lpk — pl| /
C(Qr) Or pk(t,a:)

/ | Fu(t, )PP dg ™ 19 npu k — 00,

T

[ fu(t )0 ddt

- 1px — Pllo@n
(8%

OTPUMYEMO

t
lim inf / | f(t, ) [P*42) dadt = lim inf / plt, 2) | f(t, ) [PFE2) dadt.
T Qr

k—o00 k—o00 pk(t, ZC)

(1.18)
3a nepisuicrio Oura ab < |alP/p + |b|P' /p', maemo
p(ta .CC) t
t, ) [P dadt
| 2
t /
> [ttt ool doar— [ P o du, (119
T QT pkj (t7 x)

npu pl(t, z) = pr(t, 2)/(pr(t,x) — 1) Ta nosimbhiit p € C°(R x R?).
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Tenep, nepexopsian jo rparuti B (1.19) nmpu k — 00 3 ypaxoBaHHSIM BJjia-
cruocti (1.14) Ta

lim fr(t, x)p(t, x) dedt =

k—o00 QT

f(t,z)po(t,x)dxdt npu scix ¢ € LP (Qr), (1.20)
Qr

OTPUMYEMO

lim inf / | f(t, ) [PFE2) dadt

k—00 -

> / p(t 2) F(t 2)plt, 7) davdlt — / PIL2) | o) ) gt (1.91)

T Qr P'(t,2)

OcKiJIbKY Tie CHiBBiIHOMEHHS cripaBe/mBe s Beix ¢ € C°(R x RN ), & MHO-
xaia CP(R x RY) e minsnoo 8 LY 0)(Q), To itoro Baiigmicrs MaTume Micre i
i yeix ¢ € LPO(Qr). Oraxe noknasum ¢ = | f(t, z)[P™ =2 f(t, ), npuxomu-
MO JI0 aHoHcoBaHOro criBigaomenns (1.17). fx macainok 3 (1.17) Ta orinkn
(1.8), maenmo: f € LP)(Qr).

Ha 3aBepiiieHHs 3a/IUMIAETHCSA 3ayBaXKUTH, 10 Hacrpas/ i pisaicTb (1.20)
sa/mIaeThest BipHoto i yeix o € CF(R x RY), mo i 3abesnedye ciabky

36LxuicTs fr — f B 3MinHomy npocropi LPFO(Qr). ]
1.1.3. Ilpoctip dyHKITiiT 3 0OMeKeHOI0 Bapialli€io

Hexait f: Q — R e nosinbroro dynkunieto 3 npocropy L1(€Q). ITokianemo

/|ny_sup /fdwdx ;

— (p1,- -, on) € CHARY), Jp(a)] < 1w € 0},

ne divyp = Z;N;l %. 3rijno 3 Teopemoro Pajiona-Hikomnma, sKino fQ\D fl <
+00, TO posnoai D f € Mipoio 1 Ipu HLOMY 3HaIeThCsT BEKTOPHO-3HAMHA, Dy H-
kuig Vf € [LY(Q)]Y Ta mipa D,f, 10 € CHHIYISAPHOIO 110 BiIHONMIEHHIO 10

N-pumipnoi mipu Jle6era £V | sByzenoi o 2, Taki, 1mio

Df =vVfLh|Q+ D,f.
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Osnavenns 1.1.2. f € LY(Q) nasusaemvca dynruiero 3 obmesicenoro eapia-
wiero na Q, axwo [o|Df| < +o00. Muoocuny ycix gynkuit 3 L'(Q), dan axux
fQ\Df\ < 400, HaA3UBAIOMb NPOCNOPOM PYHKUIT 3 0OMENHCEH0I0 BAPLAUIEIO HA

Q i nosnavaroms BV ().

Takuit npoctip € Ganaxosum BigHocHo nopmi || f| gy = || fllr )+ [o| D fI-

Huxdae naBeneni pesynbratu aid BV -dyukiiit € 1o0pe BiIoMuMM:

TBepmxkenuns 1.1.3. Mnrootcunu, axi € pisnomipro obmesrcerumu 3a BV -

HOPMOI0 — GLOHOCHO KOMNAKMHL 8 NPOCMOPI Ll(Q).

Osznadvenns 1.1.3. [ocaidosricmy { fi, 132, C BV (Q) caabro-+ 36izaemvcea do
Pyrxuii f € BV(Q) (cumeonvro fr, — f) modi i misvku modi, koau cnpac-
dorcyromucea dei ymosu: fr — f cuavno 6 LY(Q) i Dfi, — Df caabro-* 6
M(Q;RYN), de wepes M(Q;:RN) nosnaverno npocmip yciz 6exmopHo-3Haunus
mip Bopeas, axuti 6 c6010 uepay € dyarvnum do npocmopy C(;RY) ecix ne-

nepepsHUT GYHKULT © 3 KOMNAKMHUM HOCIEM.

Teepmxkenns 1.1.4. Hexvat {fr}72, € nocaidosricmio ¢ BV (), aka cunvro

sbicacmoca do f 6 L'(Q) i sadosonvnac ymosy supgey [o D fi| < +o00. Todi
(i) feBV(Q) i [o|Df| <liminfy o [o|Dfil;
(ii) fr = f 6 BV(Q) (dus. [7]).

Teepmxenns 1.1.5. Hexati Q) e sidxpumoro obmesicerorn niommosicurorn RY
5 Jlinwumuyp pezyasprorn mesrcero. Todi exaadenna BV (Q) — L¥-1(Q) € ne-
nepepsrum i npu yvomy BV (Q) — LP(Q) xomnaxmmno das 6ciz p maxuz, wo
1<p< % o mozo orc yenye cmana Cep, > 0, Axa 3arestcumo auue 6id €2

ma p maka, wo das ycix u 3 BV (Q) cnpasedauso (dus. [12, p.378]),

1/2? N
rdz) < C., Covpe |1l — .
(/ 1 ) lullsvion pe[ N—l]
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1.2. Cnabka Ta cuiabHa 36ixkHOCTI B L!()

Hexait Bcrogm jaji cuMBoOJIOM € OyJie IO3HAYATHCs MaJuii Iapamerp, 3HadeH-
H¢ SIKOT'O YTBOPIOIOTH MOHOTOHHO CIaJIHY MOC/IIJIOBHICTD JIOJQTHIX HHUCEsI, SIKa
36iraeTbes J10 HyJIs1. [Ipu nnboMy ro3HavdeHHsi € > () o3HaYaTHMeE, 1110 MOBa, ij1e
JIMIIE TIPO eJIEeMEHTHU TaKol IOCJIJ0BHOCTI, HaTOMICTh € > () o3Haudarume, I110
sl ITOCJIJIOBHICTD JloloBHeHa 3HadeHHsiM ¢ = (. Hexaii {u5}5>0 € JIOBLJILHOIO
noctiosnictio 8 L(€).

Kaxyrs, 10 nocuigouicts {u.:}.., C L'(£2) ciiabko 30iraerbest 10 estemen-

tau € L'(Q) npu e — 0 (B cumponax, u. — u B L1(Q)), akuio

/uggpdx 630/ug0dx, Ve L>®(Q).
Q 0

€ 100pe BIIOMUM TaKuil pe3y/ibrar:
Teopema 1.2.1. Hezati u. — u 6 L'(Q) npue — 0. Todi

o nocaidosnicmv {u:}.., € obmeocenoro 6 L'(2);
[ ||UHL1(Q) < lim inf6_>0 HUEHLI(Q)

[TocinoBHICTH {u€}€>0 Ha3MBAETHCI €KBI-IHTEI'POBHOIO, AKIO JIJIS JIOBLIb-
Horo ¢ > 0 smaiiierscs 7 = 7(0) Take, mo [gluc|dr < 0 ans BCiX ue Ta
noBibHOI BuMipHOT miavuoxkuan S C ) 3 jeberosoro miporo |S| < 7. Hocra-
THBOIO YMOBOIO, 38 BUKOHAHHS sKOI 0C/inoBHICTb {u. | ., € exsi-inTerposHoIO,
¢ icayBanug crajol C' > 0 Takol, 1o

sup/\u€|1+e de < C (1.22)
0

e>0

upu geskomy 6 > 0.

Teopema 1.2.2 (Dunford-Pettis). Hexati {u.}.., 3adana nocaidosricmo 6
LY(Q). IIa nocaidosnicmy e xomnarmmor eidnocho caabkoi s6iscnocmi 6 L1(Q)
modi i miavku modi, axwo {us} o € pisromipro obmesrcenoro 6 L(§2), mobmo

SUP.~g || e[ 21 0) < +00, a makoorc {u.}.., € exsi-inmezposnoro.

43



Teopema 1.2.3 (Lebesgue-Vitali). Sdrxwo nocaidoenicmo {u:}.., C L'(Q) e
exGi-inmezpoenoto ma icnye gynkyia u € LY(Q) maxa, wo u-(z) — u(x)

matioice cxpizv 6 2, mo u: — u 6 L'(Q) cuavno (3a nopmoro).
TunosuMm Hacsijikamu Teopemu Vitali € Taki pesysibTaTn.

Jlema 1.2.1. Hezati {u.}.., € nocaidosricmio 6 L'(2) makow, wo u-(x) —
u(x) matiorce ckpisv 6 §), i yA NOCAIIOEHICMY € PIBHOMIPHO O0OMENHCEHON 6

LP(QY) npu deaxomy p > 1. Todi
u: —u 6 L"(Q) das ecizx 1 <1 < p. (1.23)

Jlema 1.2.2. Hexat {uc}..y, {ve}.op, u, and v € sumiprumu Gynxuyismu i

maxuMU, wWo

us(x) = u(r) Mm.c. 6, sgg | 2e | oo () < 00, (1.24)
v. = v 6 LYQ). (1.25)

Toos
w € LYQ) i wv. —uwv 6 LY(Q). (1.26)

Jlema 1.2.3. fJrxwo F : R — R e onykaoro dynxuyicro i u. — u ¢ L(Q), mo

/ F(u)dr < lim inf/ F(u.)dx.
Q Q

e—0

1.3. IIpo moroukoBy 30iKHICTh TI'DAJIIEHTIB PO3B’SI3KIB €JINTH-

YHUX Ta NapadoJIivHIX PiBHIHD

B npoMy pos/iiii HaBegeMo HU3KY Pe3yJbTaTiB, sKi 3a0e31eUyi0Th YMOBU I'Da-

HUYHOI'O II€Epexoay B piBHHHHHX TUITY

—diva(z,u,, Vu,) = fo + 9. B £,
ou,,
ot

a TaKOXK Y BIIIOBIJHUX IM KpaifloBUX Ta 10YaTKOBO-KpaiioBux 3ajgadax. OCHOB-

+ A(uy) = fu+9g, B (0,7) xQ,

HUMI TIEPITO/IZKepeIaMu oIy K myosikaiii |15, 16].
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1.3.1. 30iXKHICTh I'PAJIIEHTIB B €JIIITUYHOMY BUIIAAKY

Hexait 2 € 06MezkeHor0 BiakpuToo miaMuoxKunoro npocropy RY 3 Heo6oB s13k0B0

rinaKoio Mezkeio O). Hexait Bestmanan p Ta p’ € TaKIMI, 110
1 1
L<pp <400, —+—-=1
p P

Hexait na npocropi WHP(Q) e zaganum oneparop A 3a 1paBiiom
A(u) = —diva (z,u, Vu),

mea: QxRxRY - RN ¢ dyukiiero Kapareomopi, 1110 3a/10BOJIbHAE KJIACHI-

Hum ymoBam Leray-Lions (jqus. [63])

la(z, 5, Q)| < e(x) + kalsP~ + ko ¢, (1.27)
(a(z,s,C) —a(x,s,(7),(— (") >0, (1.28)
(]ag(ris\f]l))’g) — 400 1pu |¢| = +oo, (1.29)

mpuMB. x €Q, Vs R, V(, ¢ eRY, ¢ # (7,

e c(z) nanexkurs npocropy LP (Q) i npu mpomy semumaunu ¢ > 0, ky Ta ky €
HEeB1J €MHIM.

Toni mae Micrie Takuit pe3ysibTaT:
Teopema 1.3.1. Hexat nocaidosnocmi { fr},cny ma {Gn},cn € maxumu, wo

fo— [ cumnos WH(Q), (1.30)

gn € oOmesrcenumu 6 W (Q) ma y npocmopi mip Padorna M(Q), (1.31)
a came

| (gn, ) | < Ckllpll=) Yo € CZRY) 5 suppy C K, (1.32)

de cmana Cx 3anescumo auwe 610 6UOOPY KOMNAKMHOL MHodtcuny K.

Hexati maxooic pose’asku {un}, . PI6HANHA

—diva(z,s,Vu,) = fn+9,. 6 D'(Q) (1.33)
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(6 cenci poanodisenv) 3a0060AbHAIOMY YMOBY
U, = u  cuavno 6 LY (Q), caabko 6 WP(Q) i m.c. 6 €. (1.34)

Toor
Vu, — Vu cumno 6 LY RY) das eciz g < p. (1.35)

3ayBaxkeHHst 1.3.1. fx sunausac 3 nasederoi meopemu, SUKOHAHMHA YMOS
. . : : .

(1.27)+(1.34) eapanmye icnyeanns nionocaidosrnocmi po3e’aswie {Uy },, o ma-

KO, ULO

Vuy(x) = Vu(x) matiorce ckpizv 6 €.

Baysaotcumo maxosic, wo saacmusicms (1.32) eouesudv 6uKOHYEMbCA, AKULO

nocaidosricmy posnodiaens {gn}, oy € 0bmesrcenoro 6 npocmopi Li, ().

SayBaxkennsi 1.3.2. 1o cymi pisnanns (1.33) € "aokarvnoro "3adavero 6 mo-
MY CENCE, WO HEMAE AHCOOHUT KPATIOBUT YMOS HG PYNKUI0 Uy,. Paszom 3 mum,
axwo donosnwumu (1.33) odnopionumu ymosamu Jlipizae na meorci obaacmi i

dodamxo6o npunycmumu uKOHAHHA YMOG %oepuumueﬂocmz', moomo

1

—/a(a,u, Vu) dz — +o00 npu ||ully1eq) — oo,
HUHWOLP(Q) 9) 0

MO MOAHCHA NOKA3AMAU, WO NocAidosHicms {uy, } 6yde o0bmesrceroro 6 npo-

neN
) 1 ) . ) )
cmopt Wy P(Q), a omorce 3 mounicmio do nidnocaidosnocmi 6yde sukonysamu-

ca npunyugenna (1.34).
1.3.2. IlapaboJstiyamii BUIIaJ10K

B oMy mipo3iii HaBeneMmo y3arajgbHeHHd Teopemu 1.3.1 Ha mapaboJiivHmil
BrIaI0K. Hexaii, sik i Bure, {2 € 00MezKeHO0I0 BIJIKPUTOIO I IMHOYKIHOIO IIPOCTO-
py RV 3 neo6os’a3k0B0 roiaikoro Mexkero 02, i T > 0 Hexail € 3a/[aHuM 9HCIOM.
[Toxmagemo @y = (0,T) x Q i posrisiHemo HejiniitHe mapaboJivHe PiBHAHHSI

ou,,
ot

—diva(t,x,up, Vuy) = fn+g,. B D'(Q), (1.36)
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ne A(u) = —diva(t, x,u, Vu) e oneparopom Leray-Lions’a, sikuit o3uadeHo na
Lr(0, T; Whr(Q)) 3 dbyuknieto Kapareonopi a : (0,7) x  x R x RN — RY

10 3aJ10BOJIbHAE YMOBUA

]a(t, Ly S, C)| < C(t,ZL’) + ]€1|S|p_1 + k2|C|p_17 (137)
(a(t,z,s,() —a(t,x,s,¢"),(— (") >0, (1.38)
(a(t,x,s,(),C) = a|C|P st geskoro a > 0, (1.39)

mpu m.B. (t,2) € Qr, Vs €R, V(, ¢ € RY, ¢ # (7,

e c(t, x) manexurs LP (Qr), ¢ =0, ki > 0, ky > 0.
s nosinbaoro k > 0 mozuauumo yepes T : R — R oneparop 3pi3ku,

KU BUBHAYAETHCA 38 TMTPABUIOM:
Ti(s) =s, akmol|s| <k, Ti(s)=ks/|s|, «axmo [s| > k.
MatoTh Micrie Taki pe3yIbTaTu.

Teopema 1.3.2. Hexati nocaidosnocmi { fn},ens {tntnen Mm@ {gn}en € ma-

KUMU, U0
fo— f cumvno 6 LP(0,T;W~7(Q)), (1.40)
gn € obmencenumu 6 LNQr), g € LNQr), i g, — g 6 L'(Qr),  (1.41)
u, —u cumno 6 LP(0,T; WHP(Q)), (1.42)
Ouy .
(;; —diva(t,x,up, Vu,) = fu+g, 6 D'(Q), VneN. (1.43)

Hexat makooic euronyromves npunywenns (1.37)(1.39). Todi, das do-

siavho20 k > 0, mae micue mara 36i0CHICMY
VTi(un) — VTi(u) cuavno 6 L, (Qr; RY). (1.44)

Teopema 1.3.3. Hexati nocaidosnocmi {fn},cn: {Untpeny M@ {9n}yen 3000-
soavnaroms ymosu (1.37), (1.38), (1.40), (1.42), (1.42). Oxpim yvozo npuny-
CKAEMbCA, ULO

al¢ = ¢, das p > 2,

(a(tawaaC) _a(t7x7s7c*)7c_c*) 2 |Cf<*|2
2—p> < < .
e M lsps2
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m.c.6(t,x)€Qr, Vs €R, V(,(F e RY,
g € LV (0, T; WH(QY), - gu € M(Qr).

To0i
Vu, — Vu cumno 6 LY(Qr;RY) das scix q < p, (1.45)

a omotce, 3 MOYHICMIO 00 NIONOCAL008HOCTNE, MAE MICUE NOMOYKOEA 30IHCHICND

Vuy(z) = Vu(x) matiorce cxpisv 6 Q.
1.4. IIpo caabKy 30i>KHICTH MOTOKIB

Hexali € 3a1aH010 11IeBHA CYKYITHICTD 11apaboiYHUX PIBHSIHb MOHOTOHHOI'O THUITY

% — div Ak(t, x, Vuk) = f, (t, .%‘) € QT, (146)

Bakiit f € L2(Q), Qr=(0,T)xQik=1,2,....

Hexait uy, € po3s’sizkom piusitast (1.46) npu 3aganomy k € N 1ieit po3s’si30K
pO3yMieThesi B ceHcl posnofiiens. [Ipunycrumo, mo Ag(-, -, &) — A(-, -, €) upn
k — 00 Maifizke CKpi3b BIJIHOCHO HepIIMX IBOX apryMeHTiB i ms Beix € € RY.

TumnoBy curyariiio, siKka 9acTo BUHUKAE MPU JOCIJIZKEHHS ONTUMI3aIliitHIX
3aJ1a9 1 9Ka TaKOXK € HaJIBayK/IMBOIO B OaraThoxX IHIMNMX O0JACTAX HEJTIHIHHOTO
aHaJsIi3y, MOKHa 3MaJIIOBATH TAKMM YUHOM: IIPUITYCTUMO, IO PO3B A3KHN U €

L0, T; WP~ (Q)) pisusnnsa (1.46) Ta Bignosigui im moTokn
wy = A(,, Vur) € L0 (QriRY)
30iraroThcsl Cj1abKO, a came,

up —u B LX0,T; W'Y (Q), w,—=w B L (Qr;RY)

_|_

+)/ _ p ‘
pr—1
Y crarionapHoMy (eJIIMTHYIHOMY ) BUMAIKY BiIMOBIIHO MagMO

npu jJeskux 1 < p~ < pt, (p

up—u B WY (Q), w,—w s L (QRY).
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OCHOBHUM IUTAHHSIM € BUSICHUTH 91 30iraloThCsl IPU IIbOMY TOTOKH, TOOTO
an 30epiraeThest piBHICTD Jijist rpaHnaHuX ejieMedTiB A(t, z, Vu) = w. B 3araib-
HOMY BHIA/JIKY, Iis1 TpoOJIeMa He € TPUBIaIbHOW0, OCKiIbKI (DyHKIA A(-, -, v) €
HeJIIHITHOI BIJIHOCHO ¥ 1 cjlabKa 3012KHICTH U — v He € JIOCTAaTHOI yMOBOIO
JJIsT BUKOHAHHST TAKOTO TpaHudHoro nepexony Ag(-, -, vr) — A(:, -, v). Orke
BUHUKAE 3aKOHOMIpHE MMUTAHHA: TKI YMOBU MalOTh BUKOHYBATUCH, 1TOON rapaH-
TyBaTH BaJiiaHicTh piBHOCTI w = A(-, -, Vu). Bignosim Ha i Ta i muraHHs
HaBe/leHl HIK4e (OlibIne jetasieii Ta jgoBejieHHst AuB. B [82,84]).

st moyaTKy HaraJiaemo Bijjomuii pesysibrar Tartar-Murat’a, sikuii 1me Ha-

3UBAIOTH IIPUHIUIIOM KOMIIEHCOBAHOT KOMIaKTHOCTI [67,79).

Jlema 1.4.1. Hexati nocaidosnocmi {uy}cy ma {wi oy € maxumu, wo
u, —u e WH(Q), w, —w e LY (QRY), p = %, B >1, (1.47)
divwr, =0 6 cenci posnodiaerv. (1.48)
Todi

lim (wk,Vuk)godxz/(w,Vu)gpdx, Ve Co(Q). (1.49)
k—o0 0 9]

K BijtoMO, 100yTOK JIBOX CJIa0KO 3012KHUX IIOC/IIIOBHOCTEl BEKTOP-(DYHKIITii
Vuy Ta wi Mae *-cj1abKy I'paHullio B Ll(Q), SAKIO TLJILKU OJIUH 13 CIIIBMHOXKHU-
KiB 30iraeThbes cuyibHO. [IpoTe HaBejieHa JieMa TTOKa3ye, M0 BiJCYTHICTb CUJIHLHOI
3012KHOCTI MO2Ke OyTH KOMIIEHCOBaHa B35€MHO JIONOBHIOIOUNME BJIACTHBOCTSIMUI
COJIEHOTTAJTBHOCTI Ta TMOTEHIIAJILHOCTI TaKNX CHIBMHOXKHUKIB. /lificHo, BuKoHa-

HHst ymMoBHu (1.48) rapaHTye Taki iHTerpabHi TOTOXKHOCTI

/ (wp, V) da = 0, / (0, V) de =0, VoeWHQ),  (150)
Q Q

[0 O3HAYAE: BJIACTUBICTH COJICHOIIAIBLHOCTI BEKTOP-DYHKIH wy 30epiraeTbest
PN IIePexXodl 10 TPAHMUII].

3 inmoi croponn, ciaabka 301KHICTb NOCTIIOBHOCTI {Uf } oy TA KOMIAKTHE
sraagenns WA (Q) c LP(Q), rapanrye cuibny 36ixmicts upy Vo — uVe B
LA (Q; RY). Orxe, 3 ypaxysanusam (1.50), maemo
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/(wk,Vuk)cpdx: —/ (wk, V) u de —
0 0
%—/(w,V@)udx:/(w,Vu)gpdaj,
0 0

1o 1 migrBeppKye crissigHomenss (1.49).
[Ipore curyallist 3HAYHO YCKIALHIOETHCS, AKIIO IIOTPIOHO HepeiTu 10 rpa-

Huli B 100y TKY (wy, Vug), mo € obmexxenum B L1(Q), 3a ymosu, siio:

up € WHH(Q), wy, € LY (Q;RY), wy, € cosenoiaibuum BeKTopoM,
wp — w B L7 (Q;RY), npore zamicts (1.47); maemo: Vuy, — Vu B

LY RY) npu gesxomy 1 < a < f3.

B npoMy BUIAJAKy HEMaE€ HIAKHUX IIiJICTaB BBayKaTH, IO IOC/IiJIOBHICTb CKaJIsi-
ApHUX 00y TKIB { (W, Vug) } oy € *-c1a0ko komnakrHoto B L'(£2). HaromicTs
MOXKHA, JINIIIE CTBEPZKYBaTH, IO IePEXOAd4In 38 HeOOXITHOCTI /10 MiIITOCII0B-

HOCTI, OTPUMaEMO CJ1abKy 3012KHICTb B IIPOCTOPI Mip
(wg, Vug) de — dp (1.51)

Jie € CKinueHHor Miporo Bopers na ().
BinoBijib Ha 1€ 3aITUTaHHS Ja€ y3arajgbHeHa JeMa PO KOMIIEHCOBAHY KOM-

MaKTHICTh, sIKa JloBejleHa B poborax [81,82].

Jlema 1.4.2. IIpunycmumo, wo nocaidosnocmi {uy}ey Ma {Witeyn 3a00-

BONDHANMD YMOBU:
(1) divwy, = 0 6 cenci posnodiaenv;
(ii) up — u 6 WhH(Q);
(iii) w, — w e L7 (Q;RN);
(1) {(wi, Vug)} ey 00mesrcena 6 L'(Q);

(v) u, € WHP(Q)
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1 NPU UbOMY
alN

l<a<pf<a* dea*={ N—-o
400, npu o > N

npu o < N,
P (1.52)

Todi epanuuna mipa 6 (1.52) mae maky cmpykmypy
dyp = (w, Vu) + p,
de ¥ € cumeyaaproro miporo wa 2 idnocro mipu Jlebeza.

[Mlomo eBosttotiiitroro (mapabosiTHOro) BUIAJKY, TO TYT MAOTh MicIe Taki

pe3yJjibTaTun:

Teopema 1.4.1. Hexat nocaidosnocmi {ug(t, )}y ma {wi(t, ) }ey € ma-
KUMU, U0
L odwg . .
(1) el divwg = 0 6 cenci posnodinens na Qr = (0,1) x §2;
(i) wy, — w ¢ LV (Qr; RY);
(11i) {up ey 0Omencena 6 L®(0,T; L*(Q)) i up — u 6 L*(0,T; Wh(Q));
(iv) u, € LP(0, T; WHH(Q));
(v) {(wg, Vug) } ey 00meocena 6 LNQr), (wg, Vug) =0, i
(wi, Vug) dedt — dp,  dp = a(t,z) dtde + dp’ (1.53)

6 cenci caabkoi 36ioicHocmi mip, de [ € cKinvennoro miporo Bopeas wa

Qr, a i° € cuneyaaproro miporo eidnocro mipu Jlebeza dtdx

1 NPU UbOMY

N +2
2N « i , npu a < N,
N 2<a<6<a0: N
T a4+ 2, npu o = N.

Todi xomnonenma a(t,z) ¢ (1.53) 3adosoavrac nepienicmo

a< (w,Vu) wm.c. 6 Q.
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Y BHIIQJIKY KOJIU Up € PO3B'si3KaMul BimoBigaux piBasiab (1.46), a wy =
Ap(, -, V) € LP(Qr; RN) € Bignosigammm iv 10TOKaMH, PE3yIbTAT TeOpe-

M 1.4.1 MOYXKHA YTOUHUTHU B TaKHUil crocio:
Teopema 1.4.2. Hexati ¢ sukonanumu maxi yMocu:

(C1) An(t,z,€) i A(t,x,€) e RY -snaunumu gynruiamu Kapameodopi, mobmo
ui ynwuii € nenepepsrumu sionocno € € RY das matioice ecix (t,z) €

Qr ma sumiprumu sionocho (t,x) € Qr npu xosrcnomy € € RY;

(C2) (Ak(t,x,g) ~ At T, ), € — g) >0, Ap(t,2,0) =0 V¢ €RY i dan

matiorce ecix (t,x) € Qr;

(C3) [An(t, . &)| < c(l€]) < oo ma limy o Ap(t, 2,§) = A(t, 2,£) dan ecix

¢ € RY ma matioce sciz (t,x) € Qr;

(C4) w, = w6 L (0,T;WH (), p~ > 1 i {ug}ey € 00medicenoro nocai-
dosricmro 6 L=(0,T; L*(Q));

(C5) wy = Ap(t,z, Vup) — w 6 L (Qp;RY), pt > 1;

(C6) wy € LY (0, T; W™ (Q)) npu sciz k € N i npu yvomy

suppen || (Wi, Vug) ||21@r) < 00;
(CT) 1<p <pht<2p.

Todi nomix Ay(t,z,Vuy) crabko s6icaemvca 6 npocmopi LP) (Qp; RN) do

nomoxy A(t, z, Vu).

Jlema 1.4.3 ( [81]). Hezati ¥ ¢ waacom ¢ynxuit F(t,x, &), woocua 3 axux e

onyk.aoto sidnocro £ € RN, eumipnoro sa (t,x) € Qr ma 3adosorvrac ouinky
lélP” < F(tx, &) < elélP, 1<p” <pt <oo, e, > 0.
Hexat pyrxuii F, ma F nareorcams xaacy ¥ ma uKOHy0OMBHCA MAKs YMOoBU.:

lim Fy(t,z,&) = F(t,x,£) 0das m.6. (t,x) € Qr ma dosinvnux € € RY.

k—o0
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Todi cnpasdorcyemuves maxa 8AGCMUBICMG HANIBHENEPEPBHOCTG 3HUIY: AKULO

v, — v 6 LY(Qr;RY), mo

lim inf / Fo(t, 2, vp) dadt > / F(t, 2,v) dudt. (154)

k—oo

Jlema 1.4.4 ( [82|). Hexati Ap(t,z,€&) ma A(t,z,€&) e RN -snarnumu dynxui-

amu Kapameodopi 3 eaacmusocmamu (C1)-(C8). Hpunycmumo, o
v = v 0wy = Ap(t, ) = w e LNQrRY) npu k — oo,
ma (w,v) € LY(Qr). Todi

liminf/ (Ag(t, z,vg), vg) dmdt}/ (w,v) dxdt. (1.55)

k—o00
T T

Jlema 1.4.5 ( [4]). Hexati € € maium napamempom, 3HAUEHHA AK020 MIHAN-
MBCA 68 MEHCAT CMPO20 MOHOMOHHO CNAOHOT NOCAII08HOCTE JO0GMHUT “ucen,

Axi npamyromo do 0. Hexal surxonyromves ymosu.:

(i) pop€C(Qr), p-—p 6C(Qr) npue— 0,
g € € Ll uRN ) £
@) ver@nr), [ o

Pe=2y 4 <€|U€\p+_2v5 — 2z 6 L(pﬂ/(QT; RY), npue — 0.

el | dedt <K < oo Ve >0,

(idd)  |v.

Tym (p) = pfil, ma p~ i pt e makumu, wo 1 < p~ < p(t,x) < pt < o0

dna eciz e > 0 ma (t,x) € Qp. Todi z € L) (Qp; RY).
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PO3/ILIT 2

3ajlada onnTUMAaJIbHOTO KepyBaHHs Jiyisg piBHaHHs [lepona-Madtika

Ta 11 peryagapus3allis

Hanuit po3aia TpucBIvIeHO JTOCTIPKEHHIO OJHOTO KJIACy 3aJiad ONTHMAaJILHOTO
KepyBaHHS JI/Is HEJIHITHUX PIBHAHb B YACTUHHUX MOXIJIHX JIPYTOrO MOPSJIKY 3
BUPOJIZKEHHSIM B I'OJIOBHII YacTuHi gudepeHIiiajbHoro oneparopa. OcHOBHI pe-
3yJIBTATH I[HOTO PO3JILTY OMYOIIKOBAHO y cTaTTi [2| Ta aHOHCOBaHO B MaTepiaiax

KoHbepeHtil [6].
2.1. Bcryn

OcHoBHUM 00’€KTOM JIOCJIJIZKEHHSI JTAHOTO PO3JITY BUCTYTIAE TaKa 3a/1a9a OlTH-

MaJIbHOI'O KEPYBHHA:

(R) Mimnimizysatu J(v, u) / lu — ug|*dr + = / |Vul? do+

v e [0 (1+|Vu\2)| 21

3a HAIBHOCTI OOMEKEeHb

—div (%) +aoau=v B (2.2)
Jyu=0 mna 09, (2.3)
O<ux) <M wme. B Q, (2.4)

v € Vag = L*(Q). (2.5)

Tyt Q € obmerxenoro Bixkpuroro mipvmuoxkunoo RY (N > 2) 3 nocraTHo riaj-
KO0 Mezkeio O, cuMBOJIOM 0, TTO3HAYEHO MOXiJIHY 3a 30BHIIHLOI0 HOPMAJLIIO,
ug € L*(Q) e 3amanoro dyskIieo, o, A, vy, M > 0— crasi Besmantn, a HyHKITis

v : ) = R Bucrynae B gakocTi KepyBanus. J[7g 3pyIHOCT] MOKI8/1€MO

1

9(|Vu|) = T+ [Vap

(2.6)
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Ak 6esmocepeibo Butmsae 3 hopmysn (2.6), sikino byukiisa g (|Vu|) pos-
IVISIJIA€ThCA sIK KoedilieHT omneparopa Jlamnaca, To MU MaeMO BHIIQJIOK €JIiIl-
TUYIHOIO PIBHAHHS 3 BUpOIzKeHnMU Koedirientamu. Hespazkaroun Ha Te, 110 €
baraTo BiJIOMUX DPe3y/bTaTiB, 30KpemMa B 00poOdIii 300parkKeHb 1 3 BUKOPHUCTAH-
HAM DIBHSIHB 13 moioHnM J10 (2.2) Tunom HesiHiitHoCTI (J1B. HAIIPUKIaT POOO-
Ty [71]), B [39,40] 6ys0 nokazamo, 1o Kpaiioa 3ajada st pisastHHsA [lepona-
Maujiika B 3araJibHOMY BHIIaJIKy HE € KOPEKTHOIO 3a AjlaMapoM depes3 BIUPO/IzKe-
Hy nosejinky Muoxkuuka g(|Vul) , g(|Vu|) — 0, ockinbku rpagient |Vu| mo-
’Ke HabyBaTH HECKIHYEHHN3 3HaUYeHb. B 3B’s13Ky 3 1M INTAHHS [1PO iCHYBaHHS
Ta €JIUHICTb PO3B’43KiB KPailoBol 3aJia4i Ta BiIIIOBIIHOI 3a/a4i OITUMAJILHOIO
KepyBaHHsI Ha, ChOTI'OJHI 3a/IUIIAI0THCS BIJIKPUTUMU.

[11o6 nigkpecanTu ozHaveHi ocobmpocTi npuiycTumo, mo 2 C R? y (2.2).

Toni nuBeprenTHuit 4ieH B piBHsiHHI (2.2) MOXKHA TOJATH Y TAKOMY BHIJISII
div (g (|Vul) Vu) = ¢’ (|Vul) [Vl "'V (Vu, V) + g (|Vul) Au.

[TokjraBim

2 2
U U, — 2y Up Uy +- Uy U2 s [ Vult Vul
Uge = = V*u

« Vuf? Vul] [Vut] )
H6adgnMo, 110 Tieil BUpa3 siBjisie coOOI0 JIiHIHY 11ndy3it0 B HAIIPAMKY, IO € Op-

TOrOHAJILHUM JI0 VU, B TOI Yac sk

2 2
Uy Uy — 2Ugy U Uy + Uy Uy o2 Vu Vu
Uu — — u _
" [Vul? [Vl [Vul
e muy3iitnero B HapssMKy Vu. Takum 9uHOM, aHI30TponTHii audy3iitHuil dieH

B (2.2) MOXKHa 3amnucaT y BUTJISII
div (g (|[Vu]) Vu) = g (|Vu|) uge + G" (|Vu|) uyy,  1e G(s) = sg(s), (2.7)

TOOTO BIH #ABJIsi€ COOOIO CyMy TaHI€HIIaJbHOI Jny3il 3 BaroBoio (QyHKIED
g (+) Ta HOpMaJIbHOT (TparcBepcaibHOl) iudysii 3 BaroBuM Koediriearom G (+),
BIJITIOBITHO.

OckiJIbKE ¢ € JoaTHO0 (DYHKINE, TO MepIii 10aHoK B (2.7) xapakre-

pusye audysio 'y310B:K KOHTYpa (pebpa) u’, B Toit uac gk KoedinienT mudysil
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B IEPIEJINKY/IIPHOMY HalpsiMi Mozke OyTu sk jogaraim (sikimo G’ (|Vu|) > 0),
Tak 1 HysoBuM (ko G’ (|[Vul|) = 0), a rakox Big'emnnm (sxmo G (|Vul) <
0). BayBaykuMo, 1110 Jijist opurinaabHol GyHKINT qudysii g B (2.6) maemo G'(s) =
g(s) + sg'(s) = (1 = %) /(1 + s*)2 Orxke, G' (|Vul|) > 0, sxmo s*> < 1, uo
nepejidadae npsamy audysito B 00J1acTsX, Jie KBaJpaT BeJIMIMHI I'PajlieHTa QPyH-
Kiil w Menmmit anizk 1, Toai ax G’ (|Vu|) < 0, sxmo s? > 1, 1o Ipu3BoIuTh
J10 3BOpOTHOI 1udy3il B obJsacti, Jie abCoJIOTHI 3HAUEHHA I'PaJIi€HTa IIepEeBU-
myioTh 1. Takum 9uHOM, 3 MATEMATHIHOI TOUKE 30Dy, MOJeNb (2.2) € MoraHo
00yMOBJIEHOIO 3a/lauel0 MaTeMaTUIHOl (PI3UKM 1 1eil pakT MOXKe CIHPUINHUTH
MOsIBY CHEIUMITHUX BJIACTUBOCTEH y BIANOBIIHIN 3a/1a9i ONTUMAJIbHOIO Kepy-
Banng (2.1)-(2.5).

3Bazkaloun Ha Iie, JJaHuil po3/ia Mae 1mojBiiiny mety. [lepina nossirae B TO-
My, 1100 JIOBECTU Pe3yJ/IbTaT iCHYBaHHS JJId 3a/iadi OITUMAJILHOTO KepyBaHHsI
(2.1)—(2.5) 3 po3mo/iieHNM KepyBaHHSIM y MpaBiil YacTHHI it HeJIHIHHUX PiB-
HSTHB CTaHY, [0 MiCTSITh HEMOHOTOHHUI Ta, HEKOEPIUTUBHE AudepeHIia bHuIil
orteparop. pyra — nmpoBecTu acUMIITOTUYHII aHAJI3 JIJIsd CHEIIAIBLHOTO KJIaCy
KOPEKTHO TMOCTABIEHNX MapaMeTPU30BAHNX 3a/ad ONTUMAJILHOTO KepyBaHHd 3
dikTUBHUM KepyBaHHsIM y KoedillieHTaxX BarobBoro omeparopa Jlariaca ta 1o-
Kas3aTH, 1110 BUXIJHY 3a/a9y MOXKHa PO3IJISIaTH 9K BaplaliiiHy “IpaHuIo’ st
00paHOl alpOKCUMAIIITHOT ITOC/IiIOBHOCTI. f1K HACJI0K, 1€ JI03BOJIUTDH JIOBECTU
pe3y/IbTarT MO0 ICHYBaHHsI JIJIsi BIX1IHOI 3a/a4i OINTUMA/JILHOIO KePpYBaHHS Ta

Ha cborojini B JiiTepaTypi 3alIpOIIOHOBAHO OaraTo pisHOMAHITHUX BapiaHTIB
peryJsipusariii Jid 3a/1a9 OlTUMAaJIbHOIO KePYBaHHS, SIKi IT0B’d3aHi 3 BUPOJIKe-
HUMH eIITUIHIME PIBHAHHAME (0B., Hanpukia, |53, 54, 73|). Pazom 3 tum
sagada (2.1)—(2.5) € HoBoto, a oTKe, B cuity crenudikn piBHAHHS (2.2), MpO-
Os1eMa 11 peryasipu3aliil BUMara€ OKpeMoro Joc/iimkenns. HafiBimomimmit mmi-
Xig mo peryngpusaril pisnanasa Ilepona—Marika Buriasgae HacTyITHIM YUHOM

(mus. [6,21,38])
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—div (¢ (VG *u]) Vu) +au=v B
(2.8)
ou=20 Ha 0f),

Jie TIPOIIOHYETHCST 3aMIHUTH BeJIMUnHy rpajiienTa | Vu|, 1o BUKOPUCTOBYEThCS Y
byl nudysii g, Ha foro mpocTopoBo perynspuszobanuii Bapiant |VG, * u/.
Tyt G, € nosumipaum [ayccianom,

1 |z
Gy(x) = 2770267m’ r € R?

a 3HaK * O3Haydae Ollepalliio 3rOPTKH

(VGy *u) () := /QVGU(ZL‘ —yu(y)dy, Yz el

OJHaxK, sIK 3a3HAYAETHCsACS B |77], IPOCTOPOBO-IHBApIAHTHE IayCiBChbKe 3rJia-
JIZKYBaHHSl BCEPEJIUHI JIUBEPIEHTHOTO 4JleHA MAa€ TEHJIEHII0 3MIIyBaTH 30HY
BUPOJPKEeHHST B 11 BUXimHux mictp (auB. [77|, de 1e nuraHHs JeTaabHO BH-
BaaeThest ). Lleit edpex, Bigomumit stk KpaifoBa JUCIOKAIlisT, MOXKe OyTH 3ryOHNM,
0CcOOJIMBO B KOHTEKCTI ITPOOJIEMU BUSBJIEHHs 30HU JereHeparliii Ta i1 3acTocy-
BaHHA JIJI JUCTAHIITHOTO 30H/IyBaHHA Ta MOHITOPUHIY 3€MHOI ITOBEPXHI.

B 3B’a3Ky 3 1IuM B JAHOMY PO3/IiJIi IPOIOHYETHCs 1HITUI ITAXi 10 ampo-
KCUMAIIil 3a/1a4i onTuMaIbHOro KepyBanust (2.1)—(2.5), sikuit kapuHa bHO Biji-
PI3HSIETHCST BiJI 3alIPOIIOHOBAHOTO BHINE. A caMe, IIPOIMOHYEThCS 3aMIHUTH HEJTi-
HIHICTH y TOJIOBHIH 9aCTHHI eJTIITUIHOrO ollepaTopa Ha (piKTUBHE KepyBaHHsd 3
BiJIMOBIIHOTO (PYHKITIOHAJILHOT'O IIPOCTOPY Ta JIeIKUMU JIOJIATKOBIUMU CIIeIia Ib-
HUMHI [TOTOYKOBUMU OOMEXKEHHSIMU Ha MOTOYHMI cTaH cucteMu. Mu mokasyemo,
0 B IIbOMY BHUIIAQJIKY Ha KOYKHOMY PiBHI allpOKCHMAIIil Oy/JIeMO MaTH CIIpaBy 3
KOPEKTHO ITOCTaBJIEHUMHT 33,/[a9aMU OIITUMAaJIbHOIO KEPYBaHHS 1, 1110 € HaflO1IbII
BayKJIMBUM, OyJib-AKa MOC/IIOBHICTH 1X PO3B’g3KIB, KOJIM TapaMeTp PeryJsisipu-
3allll MPAMY€E JI0 HYJId, € KOMIIaKTHOIO Y BIIIIOBIAHIN TOIOJIONIT, & 11 KJIaCTEPHI
TOYKHU € PO3B’si3KaMI BUXIJHOI 3a/iaul ONTHMAaJbHOro KepyBaHusd. JloBemenms
IIX PE3yJIbTATIiB I'PYHTYETHCS Ha 3aJlydeHHI crerudiqyHux BJIACTUBOCTEN I'pa-

JIieHTIB po3B’s13KiB piBHAHHS [lepona-MaJiika. Ha 3aBepiienns po3jiiay HaBO-
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JATHCs YMOBHU OITUMAaJILHOCTI allpOKCUMAaIIfiHUX 3a/iad Ta JIa€ThCs 1X CTpore

OOI'PYHTYBaHHS.

2.2. IlocraHoBka 3a7a4i ONTUMAJBbHOIO KepyBaHHS Ta cxema 11

peryasgpus3arii

Ak 6ys0 3a3naueno sutie, oneparop div (g (|Vu|) Vu) i3 dyukuieto g, sika 3a-
naHa mpaBmiioM (2.6), € MPHUKJIaJ0M HeJiHIHHOrNO omeparopa B JMBEPreHTHil
dopmMi 3 TaK 3BAHOI0 BUPOJIZKEHOIO HeJliHiliHicTI0. KpiM Toro, ocKiibKy (OyHKITisT
RY 3 s+ %W € RY He € ani MOHOTOHHOIO Hi KOEPI[UTHBHOIO, TO HNUTAHHS
MoJ10 icHyBaHHS pO3B’a3Ky 3ajadi (2.2)—(2.3) Ta fioro €IuHOCTI € BiIKpUTHM
B Jiiteparypi. 3 MaTeMaTuvIHOI TOUYKU 30py Mojesb (2.2)—(2.3) € npukagom
HEKOPEKTHOI 3a AjtaMapoM 3ajiadi MaremarndHol (isuku, 1 1eil pakT MoxKe
CHPUYNHATH OBy Oarato HecrogiBannx Biactusocreii [32]. Hespakaioun ma
110 0OCTaBUHY, HAIl IOJIOBHUI 1HTEpeC IoJsrae B PO3IVI/Il HACTYITHOI 3ajadl

OIITUMAaJIbHOI'O KEPYBaHHA

Minimizysatu J (v, u) / lu — ug|* do + = / (Vul? da
/\U\2dx+/ D(—1 )| 29

Bynemo kazaru, mo mapa (v, u) € gomyctuMoro s 3a1adi (2.9), (2.2)-(2.5),

3a HAsSBHOCTI 0OMexKeHb (2.2)—(2.5).

SIKIIO
v € Yy = L3(Q), ue H(Q),

O<u(x) <M wmc.B Q, JWwu)<+oo,
1 Ipu IIbOMY BOHA, € II0B’s13aHOI0 IHTEI'PAJIBLHOI0 TOTOXKHICTIO

—1 1
/(21+|Vu|2 (Vu, Vo) dzl?+0z/ﬂu90dx:/9vgpdx, Voe H(Q). (2.11)

(2.10)

Hexait =— muoxkuHA BCIX MOXKJIMBUX PO3B’s3KiB 3ajadi (2.9), (2.2)—(2.5).
Yepes BupojizKeHy HoBeiHKy MHOKHIKA ¢(|Vu|) cTpykrypa Muokuan = ta il
OCHOBHI TOIIOJIOTTYHI BJIACTUBOCTI 3araJioM HeBioMi. 3BasKarouu Ha Iie, BBEIEMO

Take CIMeNCTBO allPOKCUMYIOUNX 3a/lad KepyBaHHS
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(R.) Minimizysaru J-(p, v, u) /|u—ud|2daz+ /|Vu|2dx+

d / D / dr (2.12
3 [ wfars [ Do+ [ o | dr 212
38 OOMEXKCHb

—div (pVu) +au=v B (2.13)

ou
= Q, 2.14
e =0 wna 0 (2.14)
O<u(z) <M wmc.B (2.15)
v € Vg := L*(Q), (2.16)
pER={heBV(Q)NLZQ) : 0<h(r)<1lwme s QF. (217

Bynemo kazaru, mo Habip (p, v, u) € JomycTuMuM po3B’si3koM 3a1adi (2.12)—

(2.17), saxmio

pE R, vE Vs, ucH(Q), (2.18)

e ! c.5 Q, (2.19)
M.C. B .
14 &2 1+ |Vu(z)? ’

0<ux) <M ra plz) > max{

1 mpu nboMy, 1 KOxKHOI (pyHKIil ¢ € H 1(Q), neft Habip 3a/10BOJILHSE 1HTe-

rpaJibHy TOTOKHICTb

/p(Vu, V) d:c+oz/ug0dx:/vg0da:. (2.20)
Q Q Q

MuokuHy BCIX JOMYCTUMIX PO3B’SI3KIB MMO3HAYNMO Yepe3 =.. Buxoadaan 3 Kia-
CUYHIX pe3y/IbTaTiB MaTeMaTHdHol (PI3UKHM cTae 3po3yMimuM, 1mo =, # () npu
KOKHOMY € > ().

TakuM YUHOM, MU 3aJy9aeMO J0 PO3TJIdly OJHONAapaMeTpUYHE CIMEHCTBO
3aja4 ontumizaril (2.12)—(2.17) 3 gomarkosuM BV -kepyBaHHSM Y KoedilieH-
TaxX eJIITUYIHOTO olepaTopa. Hacmpas/i s TeMa Ma€ BJIACHY JIOBTY iCTOPIIO,
nourHarodn 3 pobir Murat’a [66] i Tartar’a [78]. Bagada onTumanibHOTO Ke-
pyBaHHs B KoedilienTax nandepeniiaIbHIX ONMePaTOPiB CTAPIIOrO MOPSIKY Ta
3 dazoBrMI OOMEKeHHsAME OyJia BIEpIIe JeTaTbHO pO3risiHyTa B pobori [19]

JISIT BUTIQJIKY KJACHIHOTO piBHAHHA Jlariaca, je ckaagpHuil KoedilienT p B
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div(pV-) 6yno npuitasaro 3a kepyBanust. [lojasibiine y3arajibHeHHST TAKUX 3a-
Jlad JI/Id PI3HUX KJIACIB JIOMYCTUMUX KepyBaHb B KoedillieHTaX 3HAMIILIO CBOE
BijloOpazkenus B poborax [18,20,24,25,35, 36,44, 55|.

Pozmnodnemo 3 0JTHOTO JIOTIOMIZKHOTO PE3YJIbTATy, KUl MOXKHa, PO3TJISAIATH
SIK TIeBHY crierudikariito 100pe Bigomoro pesyabrary Boccardo ta Murat’a (iuB.

Teopemy 2.1y [16])

Jlema 2.2.1. Hexati ¢ € (0,1) ¢ dosiavnoto dircosanoro seauvunoro. Hexat

nocAL006H0CMi
{wetiey C HY(Q), A{wehiey CLA(Q), ma {pr}py C BV(Q)

e maxumu, wo (px, vk, ug) € 2 npu eciz k € N, 1 npu yvomy

up — u caabko 6 H'(Q), cuavno 6 L*(Q), ma m.c. 6 €, (2.21)
v — v caabro 6 L), (2.22)
pr — p crabko-x 6 BV (2) ma m.c.6 L. (2.23)
Toor
Vup — Vu curvno 6 L1(Q) npu xoorcnomy q € [1,2]. (2.24)

osedenna. bepyun 10 yBaru CriBBiHOIIEHHS

/ [0 (Vug, Vuy, — Vu) — p (Vu, Vuy, — Vu)] dz
Q

= / pr |Vuy, — Vul” dz + / (pr — p) (Vu, Vu, — Vu) dx
0 0

Ta obuparoun B (2.20) TecToBO0O (DYHKINEO BUpa3 U — U, OAINMO, 10

/pk Vuy — Vau|® de = —/ (pr — p) (Vu, Vu, — Vu) dx
0 0

0 Q

+ / v (up — u) du. (2.25)
0
Ockinbkn p € L>®(Q) i up — u — 0 cusbno B L2(§2), To
lim [ p(Vu,Vuy —Vu)de =0, lim [ vg(up —u)dx ~ =0,

k—o00 9] k—o00 9]
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lim [ wg(up —u) do by 2:21)
k—o0 Q

0. (2.27)

Bisbie Toro, 6epyun 10 yBaru Toii dakxr, mo pi(r) — p(z) — 0 m.c. B  a

nocaigoeuicts {Vuy — Vu}, oy € oomexenoo B L?(£; RY), pobumo BucHOBOK:
(pr — p) (Vup — Vu) = 0 crabro B LA(Q;RY).

OTxke

lim [ (pr —p) (Vu, Vup — Vu) dez = 0. (2.28)

k—o0 QO

[Tepexopsian 10 rpauuii B (2.25) npu k — 00, OTpUMYEMO

lim [ pe [V — Vuf? de ™ P22 g, (2.29)
Q

k—o00

Temep ckopucraemocsi yMOBO, 10 (pk, Uk, ux) € =, npu kKoxkuomy k € N. fk
pPe3yJIbTaT, MAEMO
2 2
€ 1 €
7 > M.c. B §)
1+e2" 1+ \Vuk(x)|2} ~ 14 g2

pr(w) = maX{

npu Bcix k € N Ta joctatno majgomy € > 0. Toji, B ¢ty MOTOYKOBOI 3017KHOCTI

pi(x) = p(z) M.c. B , orpumyemo: p(z) > % m.c. B Q. Otxe

2
0< 1 —i52 /}1—>nolo/9 Vg, — V| dz < kh—{go/ka Yy, — YVl de = 0.

Taxum wunom Vuy, — Vu cuabno B L2(Q; RY) npn k — oo. O

3 MeTo10 IO JaJIBIIIOI'O aHa.HiSy TOITOJIOTTIHUX BJIACTUBOCTEI MHOXKMHUI HOITYy-

CTUMUX PO3B’s3KiB = B 3azadl (2.12)-(2.17), BBeJieMO Taki MOHATTS:

Osnavennsa 2.2.1. Ilocaidosnicmyv {(pk, Vi, Ur) € Zc}rey 0ydemo nasusamu

06M€97‘C€H0?0, ARUWO0

sup el Bv ) + lvell 2@ + luwll gy < +oo.
S

Oszuadenns 2.2.2. bydemo xasamu, wo obmescena nocaidosnicms donycmu-
MU p0o36°A3xie {(pk, Vi, Uk) € Zc}penT-30icaemuca do (p,v,u) € BV () x

L*(Q) x HYQ), arwo euxonyromvca ymosu (2.21)—(2.23).
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3ayBazkennsd 2.2.1. Ax sunausae 3 aemu 2.2.1, axwo {(pr, Vi, Ur) € Zctren
. . . . . T

€ T-3011CH0M0 NOCATII08HICTII0 JONYCMUMUT D036 A3Ki6 1 (pk, Uk, Uur) — (p, v, u),

mo u — u cuavro 6 HI(Q). Omorce, nepexodanu sa neobziornocmi do niono-

catdosrocmi, moorcna cmeepoocysamu, wo Vug(z) — Vu(x) m.c. 6 Q.
[Tokazkemo, 110 Ma€ Miclie TaKuil pe3y/IbTar.

TBepmxkenns 2.2.1. Ilpu xoocrnomy € € (0,1) mmoorcuna Z. € cexsenyitino

3AMEHEH0I0 GLOHOCHO T -30101CHOCTNI.

Jlosedenns. Hexait {(pg, vg, uk)}keN C =, € JOBLIbHOIO T-3017KHOIO IIOCJIIJIOB-
HICTIO JIOMYCTUMEX DO3B’SI3KIB JIist 3a/iadi ONTHMAJIBHOrO KepyBaHHs (2.12)—
(2.17). Hexait (p, v, u) € 1i 7-rpamurneio. [lokaxkemo, 1mo (p, v, u) € =..
Ockinbku Brmouenst v € Yog := L*(Q) ta u € H(Q) € ouesupuumu, To
TOKAXKeMO, 1110 periTa yMoB 3 (2.18)—(2.19) e BasigHuMu 111 T-rpaHITHOTO Ha-

oopy (p, v, u). Sk 3a3nadeno B 3ayBaykenHi 2.2.1, MI 3aBXK/1 MOZKEMO BBAKATH,

1110
1 1

1+ V@) 1+ [Vu(@)]?

Otxke, 3a 03HAUEHHSM T-3012KHOCTI, TPAHUIHUI IIepexis y CIBBIIHOIIEHHSIX

M.c. B ().

up(x) = u(z) i

g2 1 Q
M.C. B
1+e2" 1+ |[Vu(z)|?

0 <up(x) <M ta pp(x) > max{

npuBoauTh J0 HepiHocreit (2.19). o crocyerbest BrIOUeHHST p € Ryq, TO
BOHE € IIPAMUM HACJIIJIKOM CJIAOKOI-* KOMIIAKTHOCTI 0OMEXKeHOI MHOXKUHK R,q
B BV (Q).

3a/mIaeThCs MOKA3aTH, M0 IpaHndHuil Habip GyHKIiH (p, v, u) 38/10BOb-
Hs€ IHTErpabHy ToTOXKHICTE (2.20). s nmboro 3adikcyemo TecToBy (BDyHKIIIO

© € HY()) Ta nepeiiemo 10 rpaHulli y CHiBBigHOIICHH]

/,0;€ (Vuy, V) dx+a/ upp dr = / vpp dx (2.30)
0 0 0

sasyqatoun jiemy 2.2.1. B pesysnbrari orpumyemo pisaicts (2.20). Takum qu-

HOM (p, v, %) € JOIMYCTUMIM DPO3B’sI3KOM JIJIsT 33/1a4i ONTHMAJIBLHOTO KepyBaHHSI

(2.12)~(2.17). O
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Tenep nepeiigeMo 10 1IpodIEeMU PO3B’sI3aHHOCTI ITapaMeTPU30BaHOI 3a 1a4di

ONTUMAJILHOrO KepyBanHs (2.12)—(2.17).

Teopema 2.2.1. Hezati ug € L®(2) € dosinvnoro dynruyicro i nexad o, A, 7,
M > 0 € 3adanumu cmanumu. Todi, npu xoorcnomy snavenni e € (0, 1), 3adaua

onmumarvrozo kepysanna (2.12)—~(2.17) donyckae npunatimmi odun pose’azok
(pd, 02, u2) € E-.

Jlosedenna. Jlnsg nouarky, 3adikcysasiuiu jgoslibie € € (0, 1), mokazkemo, 1o
sagada (2.12)—(2.17) e 3microBHOW0, TOOTO = # (). /7151 11BOTO TOKTAJIEMO p =
011U = g, e o1 € CF(N) Ta vy € CP(RY) e nosimbruMn GyHKIisMI

TaKUMHU, 1110

g2 1
€ R, 0K )< M 1 T) > max : B ().
PER DS pe) SM 1 o) > e

D2 .
Ockibku —— = 0 Ha Jf), TO 3 HaBeJIEHOTO BUIIE BUILIUBAE, 1110 HAOID (p, v, u),

ov
e

v = —div (p1Va) + agps,
€ morycrumMuM poss’saskom. OTxe =, # ().
Hexait {(pk, vk, ur) € Zc} ey aABIAE coboto MiniMizaniiiny nocigosricTs B
sagadi (2.12)—(2.17). Toxi 3 Bukonanms piBHOCTI

1 A
inf  J.(p,v,u) = lim [§/|uk—ud| de + = /\Vuk|2dx+ 2/|Uk|2d:6
0

(p,v,u)EE, k—o0

iy

Ta O3HAUYEHHs] MHOXKUHU R,y BUILIHBa€E icHyBanus crajol C' > 0 Taxol, mo

2

1
daz} < 400

Pk — 14 \VukP

sup [lugllgie) < C, sup ||villz2) < C, 1 sup ||prllBv) < C.
keN keN keN

Orxe nociijioBHicTb KOpTeXKiB {(pk, Uk, Uk) € Ec}jey € OOMEKEHOIO B CEHCI
osnadenns 2.2.1. Ile oznauae, mo sHaiytyThest bynkiii p2 € BV(Q), 00 €

. . . . . . T
L*(Q) i w) € HY(Q) raki, mo 3 TounicTio Jio mignocigosocti (pg, vk, ug) —
(P2, 02, ul) npu k — co. Ockinbkn MHOKHHA =, € CeKBEHIIINHO 3aMKHEHOIO Bijl-

HOCHO T-301KHOCTI (JuB. TBepizKeHHst 2.2.1), To HabIp T-rpaHuIHIX (DYHKILIT
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(P2, 02, u?) € jonycTuMuM posB’AZKOM I 3aj1aui ONTUMAILHOIO KepyBaHHs!
(2.12)—(2.17) (rooro (p2,v2,ul) € =.). Ha 3aBepuienns JoBejieHHs 3auiia-
€ThCs 3ayBasKUTH, 10 Mae Micie 36ikuicts Vuy(z) — Vul(z) m.c. B Q (jus.
sayBarkeHHs 2.2.1), a oTKe
1 . 1
T) — — pe(z) —
pi() 1+ |Vug(x)[? pez) 1+ |Vul(z)?

Tak gk

1
1 + |Vuk\2

1

_ < 2 juig Beix k € N,
1+ |Vuk|2 Rile

Lee(Q)

TO TIOCJI1JIOBHICTD { Pk — m} € exBi-iHTerpoBHOI0O. OTXKE
keN

1 . 1

1 . )
T4 [V — PE—W cubho B L (2) 1 coabko B L*(2) (2.31)

Pk—

2

3a Teopemoro Lebesgue—Vitali (jins. reopemy 1.2.3). Bepyun 1ieit dpaxr 10 yBaru
1 1
0 dx,

1 3ayBaKytouu, 1110
¢ 2 muB. (2.31)
lim i ————| d > —
it /Q P T V2| / P T T Va2
lim [ /|uk—ud| dr + = /\Vuk|2dx]
k—o0
. (2.21), (2.24) [ /]u g d 4+ 2 /\Vu0|2dx],
JIUB. 222
l1m1nf/\vk\2dx /\11026137

IIB. TBep,IL}KeHHﬁl 14
11m1nf/|Dpk.| /|Dp€

O6auanMo, 1m0 (PyHKIIOHAJ J; € CeKBEHIIIITHO T-HalliB-HellepepBHUM 3HU3Y. Tomy

J.(p2, 00, u?) < hmme (pr, vk, ug) < lim J(pg, vg, ug) = inf  Jo(p,v,u),
k— k—o0 (pvvvu)eE‘ﬁ

a orke (pY, 02, ul) € poss’a3KOM MOCTABICHOT 3a1adi. O
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2.3. AcuMnTOoTHMYHUII aHAJII3 TapaMeTPU30BaAHUX 33189 ONITUMAJIb-

Horo kepyBanusi (R.)

['0JTOBHOIO METOIO JIaHOTO PO3/ILITY € MOKa3aTH, M0 BUXiIHA 3a/a4a ONTHMAJIb-
HOrO KepyBaHHs (R) Ma€ HEMOPOYKHIO MHOYKIHY PO3B’SI3KIiB 1 IIPH 1IBOMY JIesIKi
3 HUX MOXKYTb OyTH JIOCATHYTI (y MEBHOMY I'DAHHTIHOMY CEHCi) ONTHMAJIbHU-
MII PO3B’si3kamMu mapamerpuzoBanux 3a1ad (R.). s 1mporo Mu BUKOpUCTO-
BYEMO KOHIICIIIIIO BapialiiiHol 301KHOCTI 3aja4 MiHIMIzaIlll 3 0OMeXKEeHHSIMU
(nuB. [42,43,51,52]) 1 BUBUAEMO acCHMITOTHYHY TMOBE/IHKY CiMeficTBa 3a/ad
onTuMasbHoro Kepysamnns (R.) mpu € — 0.

Poszmnoanemo 3 HaCTYIIHUX ITOHATDb:

Osznauenns 2.3.1. Hexati {(pz, v, u:)}.og C BV(2) x LAH(Q) x H(Q) € do-
8IALHOM nocatdosHicmio. Taky nocaidosHicMb HA3UBAMUMEMO 00MEHCEHOI,
AKULO

Sup [HP8||BV(Q) + |vel[ 22 () + HUEHHl(Q)] < 4o00.

>0
Osznadgenns 2.3.2. bydemo kasamu, wo obmescena nocaidosHicmy Kopmestcis
{(p-,v-,us)}ooy € BV(Q) x L2(Q) x HY(Q) e w-s6isrchoro npu e — 0 i no-

ananamumemo (pe, ve,us) — (p,v, ), axwo (pe, ve, ue) — (p,v,u) npu e — 0,

mobmo
ue — u caabro 6 H(Q), cuavno 6 L*(Q), i m.c. 6 §, (2.32)
v, — v caabro 6 LA (Q), (2.33)
p: — p caabro-x 6 BV (Q) ma m.c. 6 (2.34)

i npu yvomy u: — u cuavno 6 WHH(Q),

SHaUHY POJib V MOJAJBIIOMY aHaJ i3] 3irpae HACTYIHUI TeXHITHIH pe3yJib-

TaT.

Jlema 2.3.1. Hexati {(pe, V-, u:) € Zc}.o € T-3001cH010 nocadosricmio dony-

CIMUMUT PO36°A3KI6 300041 ONMUMAAbHO20 Kepysanns (2.12)—(2.17), i nexad
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(p,v,u) € BV(Q)xL*(Q)x H(Q) ¢ i T-epanuuero. Todi (pe,v., uz) — (p,v,u)

npu € — 0, i npu yvomy (p,v,u) 3a00680A4bHAE YMOBU

pERu, vEVu, ucH(Q), (2.35)
1
0<u(x) <M ma p(x) > T Va@)P m.c. 6 S, (2.36)
/p(Vu,Vgo) d:z:—i—oz/ up dr = / vpdr, Vo€ HY(Q). (2.37)
0 0 0

Jlosedenna. Tlokmamemo B (2.20) TecToBOO (DYHKINE BIpa3 u: — u. 1o/l 3a1y-

Jaloun apryMeHTn 3 JI0BeJJeHHAM JieMn 2.2.1, MoxKHa BCTAHOBUTHU TaKy PIBHICTh

/ pe |Vue — Vul® de = —/ (pe — p) (Vu, Vu, — Vu) dx
Q 0

—/p(Vu,Vug—Vu) da:—oz/ug(ug—u) dx
0 0

+ / Ve(u: — u) dx. (2.38)
0
Jie TpaBa JaCcTHHA MPAMY€ 110 Hysst mpu € — 0, T00TO

lim [ pe|Vu: — Vul® dz = 0. (2.39)
Q

e—0

[Ipuiimatoun 10 yBaru Toit dakt, mo (pe, v., u:) € Z. npn KoxxHOMY € > 0, a
2

TaKOXK — 0 upu € — 0, baunmo, 110

+ g2

2

3 1 1
(z) > : > cB Q (24
pe() max{ugz 1+]Vu5(x)|2} T Va@p e r @0

IpH JIOCTATHO MaJinx 3HadeHHsx € > 0. Orxke, 3 ypaxyBauusim (2.39), Maemo

3 1 2 . 2
< — < — = 0.
0< ll_I}I(l) W IT Ve @)l |\Vu. — Vul|” de < ll_{%‘/gpg \Vu, — Vu|” de =0
(2.41)

OckijibK1

2
190 =Vl = (] 170 Vul o)

< (/Q = |V1u€(:c)|2 Vu, — Vu|® da:) </Q (1 +|Vue(2)?) d:z:)

1 2
< |19 + sup [|us||% / Vu. — Vul|” dx,
(190 + supllulinge) | 1oy 9 - 9l
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TO 3 y™MoBH (2.41) 3HaX07MMO

iy V. = Vi, <

. 1 )
< 1 5_ d — . 2.42
T Ve e Vel de =0 (242)

Takum IUHOM, MH MOYKEMO OXapakTepusyBaTu T-301KHI BiacTuBOCTI (2.32)—
(2.34) HacTYIHMM YMHOM: Ha JIOHaTOK 10 (2.32) u. — u cuabHo B WH1(Q) i

icaye miamocsiosricTs {€'} Taka, 1o
Vus — Vu wm.c. B (2.43)

[I106 BeranoBuTu BaactuBocti (2.35)—(2.37), J0CTATHRO BUKODHCTATH APTy-
MEHTHU JIOBEJIeHHS TBepJixKeHHd 2.2.1. €nuHuii MOMEeHT, KUl CJIij HPOSICHUTH,
IIOJISITA€ B TOMY, 11100 IIOKa3aTU HACTYIIHE

1
P 2 T P

m.c. B 2. (2.44)

. 2
JIst Iboro CJTi 3ayBayKUTH, 110 hi? — 0 mpu € — 0. O1ke

g2 1 1
() > : > c.B (245
pe(2) maX{Hg? 1—|—\Vu5($)|2} 11 V()2 " (2.45)

npu jgoctatHbo Maaux € > 0. [Ilob jgoBecTn aHOHCOBAaHY BJIACTUBICTD, 3aJIU-

MAETHCs TepefiTn 110 rpanuii B (2.45), BUKOPHCTOBYIOUN MTOTOYKOBI 301KHOCTI

(2.34) Ta (2.43). =

HacrynHum HammM HaMipoM € 06roBOPEHHs IUTAHHS, sTKe TI0B’fi3aHe 3 1CHY-
BAHHSIM PO3B’sI3KIB BUXITHOI 33/1a41 ONITHMAaJILHOTO KepyBanHs (2.9), (2.2)—(2.5)
Ta X JJOCSZKHOCTI ONTUMATBLHUME PO3B’A3KaMu llapaMeTpr3oBanux 3ajad (R.).
J1j1st HoUaTKy BapTO 3ayBayKUTH, 1110 MHOYKUHA JOMYCTUMEX PO3B's3KiB = B 3a-
naudi (2.9), (2.2)—(2.5) ne e nopoxkuboto. [iiicho, nexait ¢ € C(RY) e Taxoio
dyukiiero, mo ¢ Z const B , 0 < p(z) < M B Qi d,p =08 0N Toxi crae

3PO3yMLJIMM TOIl (bakT, 10 mapa

. Vo
0= (o (e + o0¢)
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HaseskuTh MuoKuui =. Orke, = # ().
Po3nounemo 3 HaCTYITHOTO Pe3y/IbTaTy, AKUN MOXKHA PO3IVIAJIATH SK IPAMUIL

Hacsi10k Jemn 2.3.1 Ta Teopemu 2.2.1.

TBepmxkenns 2.3.1. Hexati ug € L>(Q)) e 3adanoro gynruyicro, i nexad o, A,
v, M > 0— sadani cmani. Hexaii maxoorc {(pg,vg,ug) € E€}€>0 € nocAido6-
HICTI0 ONMUMGAYHUT PO36 A3KI8 00 PE2YAAPUOSAHUT 36004 ONMUMANLHOZ0
wepysanna (2.12)~(2.17), xoau napamemp € npamye 00 HYAL 8 MEHCAT CMPO20
MOHOMOKHO cnadnoi nocaidosrnocmi. Todi anatidemvea nionocaido8Hicms 6u-

zidnoi nocaidosnocmi { (p?,v?,u?) € 2.}

b AKY 3HOBY NOZHAMAMUMEMO TH-

e>0’
dexcom €, i posnodinenna p° € Rug C BV (), 00 € Vg ma v’ € HY(Q) axi
sadososvnsromo ymosam (2.35)(2.37) i npu uyvomy (p?, 02, ul) = (p°, 00, u°)
npu e — 0.

HacTynHum KpoKoM Hallioro anajizy € nokasaru, mo napa (v°,u’) e onru-
MaJILHOIO JIJIs BUX1IHOT 3aj1ati onTiMasbHoro kepysanus (R). s mporo cko-

PUCTAEMOCH JIeTKUMI pe3yJibTaTaMi 3 HeJaBHIX myOsikairiii [26, 45].
Teopema 2.3.1. Hexaii (p°,v°,u’) € BV (Q)x L*(2)x HY(Q) € w-kaacmepnum
Kopmesicem (6 cenci osnauenna 2.3.2) 0bpanoi nocaidosnocmi onmumasoHux

P036°A3Ki6 Oaa pezyaapusosarur saday (2.12)—(2.17) {(pg,vg,ug) € EE}

e>0"
Toor
1
0,0y 0= 0
€= = .c. 6 ) 2.46
(U U ) v P (.%') 1+ ‘VUO(I')P M.C. 6 ) ( )
. . s 0.0 0y _ 7700 o0y _ -

llir(l) (p,vl,zl)fEEE Je(p,v,u) = }jlgl’(l) J-(pz, v, u) = J(v,u’) = (U%fEE J(v,u).

(2.47)

Josedenna. Hexait pg € C™(£2) e dynkieo Takoro, 1mo J,py = 0 on d). Toxi
sposymiso, mo p = (1 + [Vo|?) ™t € Raa 1 napa (p, ) 3 U := g 33/10B0JIbHSE

uepisrocTi (2.19) npu jgocrarabo Maaux € > 0. [Tokasim
v:=—div (pVu) + au B €,
baunmo, 1o (p, v, u) € =, st manux € > 0. Orke,

inf  J.(p,v,u) = J(p°, 02, ud) < J. (p, 7, 0)

(p,v,u)€E,
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1 A
:—/|€Z—ud|2dx+—/ Val? dx
2 Jo 2 Jo

+1/\@|2dx+/|pa:o<+oo.
2 Jo 0

3 1IbOr0 Ta O3HAYEHHs] MHOXKUHU R,g MPUXOJNUMO JIO HACTYITHOT'O BUCHOBKY:

2 2
[u2l|Z2i) < 4C + 2luallzziy  VUllliaqmyy < XC’ [02]72() < 507

(2.48)
2

1
0 de < Ce

Dpl| <C, ||p? <9 C,/ R
./Q‘ pe’ HpEHBV(Q) ‘ ‘+ 0 Pe 1+‘vug’2

(2.49)

0,0

1pu jlocTaTHbo Masux € > 0. Takum 9rMHOM 110C/I1I0BHICTD {(pg, v, u) € E€}5>0

€ KOMIIAKTHOIO BiJIHOCHO T-30i2KHOCTI. KpiM TOro, 3 Orvisiy Ha TBep/izKeHHs 2.3.1

Ta TeopeMy Jlebera 1.2.3, MoxKeMO MPHUITYCTUTH, IO 3 TOYHICTIO JIO ITiJIIOC/Ii-

JIOBHOCTI,
(0o, ) % (00 ) 1 -
1+ \1Vug|2 T |1Vu0\2 cubio B L'(Q) npu & — 0. (2.50)
B pesynbraTi MaemMo
0 1 . 1
p=(¥) — 17 V@) f () = 17 Tap e 0 (2.51)

i (pg —(1+ \Vug|2)_1) € L>(Q). Orxe, 3a Teopemoro Jlebera,

1

0 012\ 1 0
— (1 vV — e
pE ( + | U’E‘ ) 10 1_|_ ‘VU/OP

cutbio B LY(Q) Ta ciabko B L().

Ternep, mepexo/isan JI0 IPAHUI B OCTAHHBOMY JI0JaHKY (2.49), orpumyeMo

1
1| Val(2))

PP (z) 5 = 0wmc. B Q

[Moeaytoun 1eit paxt 3 (2.51), 3HAXOIUMO

1

_ B Q.
1+ v "

p(x)
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Takum guHOM,

1
(pg,vg,ug) ﬂ) (m,vo,u()) npu € — 0.

Bepyuu jio ysaru teep/zkentst 2.3.1 ta ymosu (2.35)—(2.37), 6auumo, 1o napa

(UO, uo) € JIOIIYCTHUMUM PO3B’I3KOM JIJIsI BUXIJIHOT 3a/1a9i OITUMAaJIbHOIO KepyBa-

uHst (R). Okpim Toro, ik mpstMuii Hac/IiI0K BiaactuBocreii (2.50), MaeMo Taky

OIIHKY

limiéqug(pg,vg, Q) = /|u —ug)*dr + = /\Vuwda:
E—

02 D — 70" u0),
Y

(2.52)
[Ipunycrumo obephene, a came — napa (v°,u") He € onTuMaNBLHOW0 J1Ist

sajadi (R). Toxi sHaiinerses inma napa (v*, u*) € = taka, 110
J(* u*) < J(@°, u’) < +o0. (2.53)

_1 . —_
[Toknapim p* = (1 - |Vu*\2) i B3gBIIM 710 yBarum ymMoBy (v, u*) € =, baun-
Mo, 110 Habip (p*, v*, u*) € JomycTUMIM PO3B’I3KOM JIJIsl KOXKHOT 13 peryJisipu-

3oBannx 3ajad (R), T06TO

(p*, 0" u") €E., Ve € (0,1). (2.54)
Orxe,
/]u —ugltdr + = /\Vu()?dx
02
d
/‘U $+-/Q (1+|vu0‘2)|
by (2.52)

< hmlan (P2, 02, u?) =liminf inf  J.(p,v,u) < lin% J-(p*, v, u)
e~

€20 (p,v,u)€E:
1
Df——
(1 + \VU*IQ) ‘

1 A
= /|u —ugltdr + = /]Vu ?do + = /|v \Qda:+/
2 Jo 0
1/ 1 2
_|__
€ Ja

m dl': J(U*,’U,*).

ES

p_
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Taxum uunom, J(v°, u?) < J(v*,u*), a oT:Ke IPUXOIUMO JI0 CYHEPEYHOCTi 3

ymosoto (2.53). Otzke rpannuna napa (v°, uY) € onrumanbHo0 1151 38024 Ke-

pyBanus (R). O

2.3.1. YMOBH OOTHMAJILHOCTI JIJI alIPOKCUMAINHIX 3a1a4

Hexait € > 0 € gosibanm i nexait A.(§2) crporo moparnmm Komycom B L°(€2):

A(Q) = {p € LX) : p(x) > 1::_82 M.C. B Q}

Tomi A-(€?) e Bigkpuroro mimmuoxkuuoo B L*°(2). Bigomo, 1m0 11t KOKHOTO
e > 0 zagaua (2.13)-(2.14) mae eauuuii poss’sizok u. € H(Q) upu Gyin-
akux p € A(Q) ra v € L*(Q). Hexait G, : A.(Q) x L*(Q) — HYQ) ¢
BijoOpazkenusaM o3HadeHuM K G.(p,v) = u(p,v), ne u:(p,v) € po3B’a3KOM

KpaitoBol 3a1a4i (2.13)-(2.14) npu 3amanux (p,v).

Teopema 2.3.2. Bidobpasicenna G nanrescumo waacy C1 i das dosinvruz
p € A(Q), p € L™(Q), v,v € L*(Q), eaemenmu z, = D,G.(p,v)[p] ma
2y = D,G:(p,v) [0] € markumu, wo ix cyma 2z, + 2z, € edunum po3s’asxom 6

HY(Q) piensanns
—div (pVz) + az = div (p Vu.(p,v)) + 7, (2.55)

de u:(p,v) = G:(p,v).

Jlosedenna. 3amyduMo TeopeMy IMpo HedBHY (DYHKINO. 1 1Mboro o3HAYNMO

byukiio F: A (Q) x L*(Q) x HY(Q) — (Hl(Q))/ 3a TaKUM TIPABILIOM
F(p,v,u) = —div (pVu) + au — v.

Onpazy BuHO, mo F nanexxnuts 10 kiaacy C1. Kpim Toro, dacTunHa moxigna

%_Z(Pa v,u) : HY(Q) — (Hl(Q))/ e izomopdizmom. /[ificHo, Tak fK

F
g—u(p, v,u)|z] = —div (pVz) + az,
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TO i30MOpdi3M Bijl0OpazKeHHs %—Z(p,v,u) : HY(Q) — (Hl(Q))/ BUILJITBAE
i3 ouinku p(z) = 2(1 +¢*)~! mc. B Q Ta semn Jlakca-Minbrpama. Bib-
e Toro, npu Koxkuux p € A(Q), v € L) ra u(p,v) = Ge(p,v), maemo
F(p,v,us(p,v)) = 0. OTke, 3aCTOCOBYIOUN TEOPEMY PO HesiBHY (DYHKIIIIO,
Mu Gauumo, mo g oyab-aknx p € A (Q) i 0¥ € L*(Q) icnyors okosn
R(p%) C A(Q), V(@) C L*(N) Ta Bimobpakenns g : R x V — HYQ)
kiacy C! raki, mo F(p,v,g(p,v)) = 0V(p,v) € R x V. Ile Bijobpaxenus g,
OueBHIHO, 30iracTbea 3 G, MO 10BOAUTD, mo (. Hatexxurh 10 kiaacy C1, a

BUPA3 JJIs MOXIAHOI BUILJINBAE 3 PIBHAHHA

L (.0, 4clp, 0)) [DyGelp,0) [7] + Dy, 0) [7] )+

ou
OF . OF .
+ g, v us(p.)) (] + 5 (P, v ue(p,0) [B] = 0.
3Bijc poONMO BHCHOBOK, IO €/1eMEHT
2 = 2+ 2 = D,Gelp,v) [}l + DuGi(p,v) [

€ eaunuM poss’sskom y H1(Q) pisnsanus (2.55). O

Terep 3ayBakumo, 1o anpokcuMyody 3ajgady (2.13)-(2.14) moxkna 3amm-

caTu y BUTJIAJ]

Minimize(, y)em,, x.0 1e(0,v) = Li(p,v) + Loc(p, v), (2.56)

Jie y gpyHKIIoOHAI BapTOCTi [, MU PO3PI3HAEMO JIBA UICHU

1

A
help.) = [ fuclpo) = i da+ 5 [ [Vuc(o o) da
1

7 2 1/
+ = [ |v|"dx + - —
24” = Jolf T T Ve oP

Belp.0) = [ 1Dl (2.58)

2
dx, (2.57)

P

3 nudepenniifiobanocti G onpady BUILINBAE, M0 1 . HAJICZKUTD KJIACY Cti

ﬁgmmmﬂ:[yumw—wﬂ%+wdm—
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+ A [ (Vuc(p,v),Vz,+ Vz,) do+

5d +2/ L St
vV ax — — T
e Jo T TH Vu(p0)2) ”

1 (Vue(p,v),Vz,+ Vz,)
P 2 5 dv
L+ [Vu(p,0) ) (14 [Vu(p, 0)?)

+

Y
1
+ —
£

S—

(2.59)

npu

Zp = DpG5<p7 U) [m ) V,Z)\E LOO(Q)7
z, = D,G.(p,v) [0], Vv e L*Q).

Busnaunmo crpsizkenuii crad B ) HACTYITHUM YHHOM
—div (qug) + pe = — (ue(p,v) — ug) + Adiv (Vue(p,v)) +

- ((p e |vi<p,v>\2) (1+ |w1<p,v>|2>2wg(p’”)> |

(2.60)

Ope
o =0 na 00, (2.61)

Tosi 3amyaatodn (2.55) 3 TeCTOBOIO (DYHKIEIO iz, M OTPUMYEMO

/p(Vug,Vz) dx—i—oz/,ugzdx: —/ﬁ(Vug(p,v),VuE) da:—i—/@\ugda:.
Q Q Q Q

[Toeaytoun teit dakt 3i ciabkum opmysioBaHHIM KpaifoBol 3ajadi (2.60)—

(2.61), ne z = 2, + 2, Ma€MO

/ﬁ(Vus(p,v),V,ug) d:z:—/i)\ug dx =
Q

Q

= / (us(p,v) — ug) zdzr + )\/ (Vu.(p,v),Vz) de+
Q

Q

4/( 1 > 1

4= o — Vu-(p,v),Vz) dx
e Jo 1+ [Vue(p, v)[? (1+\Vug(p,v)l2)2( ek Ve

by (2.59)

2 1
= I ) /\7/\_ /Ad __/(_ >Ad
1e(p0) [p, 0] = o T L\ T T V(o) ) P
(2.62)
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Orxe,

Lapo) 7.9 = |

Q

2 1
— — odx. 2.63
%/Q(p 1+Wu€<p,v>12)p ’ (2.63)

Tenep nepeiijieMo JJ0 OCHOBHOTO pe3yJibTaTy IHOro naparpady.

ﬁ (vuf(pv v)avﬂs) dx _/

Ve dx + ’y/ v dr+
0

Q

Teopema 2.3.3. Hezati e > 0 ma uq € L*(Q2) € sadanumu, i nexat (p2,0?) e

AOKANLHUM P36 A3Kkom 3adayi (2.56)—(2.58) npu nassnocmi obmesrcens

—div (pVu) +au=v s €, (2.64)

ou
e 0 mna OS2, (2.65)
v € Vug = L*(Q), (2.66)

2
= o < < .C. .
p € NRua {hEBV(Q)ﬂL (Q) T = h(z) <1 m.c. 6 Q}

(2.67)

Todi anatioymoca dynwuii u ma p. 6 HY () maxi, wo nabip (p2, v, ul, u?)

3a0060avHA€E cucmemy pisHans Eiaepa-Jlazparorca

—div (,02 Vug) + alphau® =° 6 Q,

3

Ous _ 0 na O -
ov ’
(— div <pg V,ug) + alphap? = — (ug — uq) + Adiv (Vug) +
4 1 1
~di 0 0 0
< T W((’)"f 1+|Vu2!2> (1+|vug\2)2v%) S
o
\ 5 0 wna OX2,
(2.69)
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f/Q(p—pS) (Vul, Vi) dx—'/Q(fU—v)lugdx_FfY/ (v —0) da+

Q

2 1 .
2,0 ) =) e

/ |Dp| — / IDp2| >0, V& Va, Vp € R

7\

\

(2.70)

0

%) e sokasbHIM po3B’saskoM 3agati (2.56)—(2.58),

Hosedenms. OcKiIbKHI (pg,v

(2.64)—(2.66), To tpu 3ajanux v € Vyg Ta p € Ry MAEMO

I (2 + 7(p = p2) ol + 7(v = v2)) = L (p2,0f)

JIJIsI BCIX JToCcTaTHLO Majanx 7 > (.
Oruke, B cuy onykiocti Io(p,v) = [ |Dp|, Bukomyiorbes nacrymi cris-

BIJTHOIIICHHSI

0< %(1 (P +7(p—p2), 00+ 7(v =) = L (p2,0?) =
[15(054—7'([) p€)’v€+7(v_v))_llf(psv €)+

-
Do (Bl ) (o o) () _
T
]ls(pg+7(p ,06),?}6-|—7'(’U—U )) _115(1067 €)+
T

+ 1275<p7 U) - 12,5 (/0(5)7 Ug) .
bepyun Tenep 7 — 0, oTpuMyemMo

0< . () o= oo =]+ [ Dol = [ DA

BaJIIaeThCs CKOPUCTATHICA BUpa3oM Jyist [ ., sxuil HaBejgeno B (2.63), i mu
)

IPUXOJIIMO JI0 CHCTeMHU onTuMasbrocTi (2.68)-(2.70). O

BucHoBku /10 pozjainy 2

Y maHoMy po3dil JIOCTIIZKYEThCs 3a/4ada ONTUMAJIbHOTO KepyBaHHA I PiB-

HsiHHs [lepona-Madiika 3 KpaiioBumu ymoBamu Heiimana Ha MexKi obsracTi. 3a-

1)



Jlada KepyBaHHg I0JIdrae B MiHIMi3allll po30izKHOCTI MiXK 3a/JaHUM PO3IIOJILIOM
ug € L*() Ta HOTOUHUM CTAHOM BUXiHOT X Opa-

d JIHOI cucTeMu. XapaKTepHOIO PUCOI0 00pay
HOro 00’€KTa KepyBaHHs € crenuiaHuil TUI HeHITHOCT]I B MOJIOBHIH YacThHI
eJINTUYHOTO ONepaTopa, MpU sAKOMY TMUTAHHs 00 PO3B sI3aHHOCTI KpailoBol
3aJ1adl MMpU KOXKHOMY JIOIYCTUMOMY KepyBaHHI 3aJullaeThcd BiAkKpuTum. [o-

JIOBHMUMM DPE3YJIbTaTaMM IIbOI'O pOS,[LiJIy €:

1. 3ampornoHoBaHa cxeMa alpOKCUMAIlI] TOCTABICHOI 3a/1a9i ONTHMAJILHOTO
KepyBaHHs, sKa I'PYHTYETHCS Ha 3a/IydeHH] HapaMeTpu30BaHUX ONTUMI-
3alliitHUX 3a/1a49 3 PIKTUBHUME KEePyBaHHSAME B KOediIli€eHTaX NoJIOBHOI'O

eJILIITUYHOIO ollepaTopa.

2. Ilokazano, 1Mo KOXKHa 3 aMPOKCUMAIIHNX 3aJ]lad € KOPEKTO IOCTaBJIe-
HOO, Ma€ HEIOPOXKHIO MHOYKMHY PO3B’SI3KiB, a Oyjib-siKa II0C/Ii/I0BHICTb,
[0 YTBOPEHA TaKMMU PO3B’d3KaMU, € KOMIIAKTHOIO Y BIJIIIOBLIHII TOITO-

JIOT11.

3. 3ajydJaioun HempsaMuil miIxig, OTpIMAaHO JOCTATHI YMOBH PO3B’I3aHHOCTI
BUXI/THOT 3a/1a9i ONTUMAJIBLHOIO KepyBaHHdA. A camMe MOKa3aHO, 110 Oy/Ib-
sIKa KJIacTepHa TOYKa IIOCJIJOBHOCTI ONTUMAJILHUX PO3B’SI3KIB allpOKCH-

MallitHUX 3a/1a4 € ONTUMAaJILHOIO 11apolo /Il BUXIJIHOT 3a/1a4i.

4. HaBomutbes cxema o0y 10BU HEOOXITHIX YMOB ONTUMAJILHOCTI /s allpo-

KCUMAIIITHIX 3a/1a4d Ta JIa€ThCs 11 cTpore oOrpyHTYBAHHSI.
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PO3/ILI 3

IIpo icuyBaHHSA pO3B’A3KiB Ta IX aMpPOKCUMAIIIO B 3aJadi
ONTUMAJILHOIO KePYyBaHHS JJIsI €BOJIIOIIITHOTO PiBHSIHHSI

ITepona-Mauika

B nanomy po3iiii JoCTiKYIOThCA MUTAHHSA 1ICHYBAHHS PO3B s3KIB OJIHOTO KJIa-
Cy 3aJ1a9 ONTUMAJIBLHOTO KEPyBaHH JIJIs eBOJIIOMIITHOT Bepcil piBHAHDb [lepona-
Maurika, Ta MeToau iX anpokcumariil. OCHOBHI pe3yJibTaTu OIyO/JIKOBAaHO B PO-

borax [3,4] Ta anoHcoBaHo B Marepianax Koudepenril [7].

3.1. Bcryn

Hero1aBHO B KOHTEKCT1 BiIHOBJIEHHS YaCOBOIO PSITY JJIsT CYITYTHUKOBUX Oara-

TOCIIEKTPAJIbHIX 300pazkeHb OyJIa 3aIpOIOHOBaHA HACTYITHA MOJIe b (uB. [29])

ur — div (f (|Vu|) Vu) + (Vu,b) =v B Qp = (0,T) x £, (3.1)
uw(0,z) = ug(x) B £, (3.2)
du(t,z) =0 ma X =(0,T) x 09, (3.3)

1e Q C R? e BigkpuToro MHOXKHHOIO 3 JIiMINIb-HellepepBHOIO MexKelo, a b €

B, 1a v € Y,y € GYHKIISIMI KePyBaHHsI TAKUMU, 1[0

Boi = {b € LOO(Q)2 N BV(Q)2 : HbHLoo(Q)2 < Ii} , (3.4)
Voa = {v € L*(0,T; L*(Q))} . (3.5)

Tyt uepes 0, 1Mo3HAUEHO TOXIJIHY 3a 30BHIINHBOIO OJMHUIHOI HOpMaJLIO, f €
CH(R,) e mespocrarouoro dyHKIi€w dKa 330B0JbHAE yMoBY f(s) — 0 mpu

s — 400 Ta f(s) = 1 upu s — +0. 3okpema,

1

f(IVul) = T+ [V (3.6)

DakTuvIHO, TTOYATKOBO-KpaiioBy 3aja4dy Komri-Heitmana (3.1)—(3.3) moxna

PO3IJIAIATH K JIesiKe y3arajibHeHHs eBooIiiHoT Mojesi [Tepona-Matika [71],
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sika OyJ1a 3aIlpoIOHOBaHa, JIII YHUKHEHHS PO3MUTOCTI 300parkeHb, a, HacaMile-
peJl, B TUX MICISX, KI MalOTh OL/IBITY HMOBIPHICTDL OYTH KOHTYPaMU U1 KPAIMHU.
Taxy IMOBIpHICTB IIPOIIOHYETHCA XapaKTepU3yBaTH BenuuHoio |Vul?.

Ojnak 3a3Hadena MMoYaTKOBO-KpaiioBa 3ajlada € HEKOPEKTHO TTOCTaBJIECHOIO
gepe3 Bupokeny noseinky muoxkuuka f(|Vul), f(|Vu|) — 0 xosm rpagi-
ent |Vu| npsimye 110 Heckindennocti. Otke, piBustans (3.1) jie gk cTangapTHe
PIBHSHHS KOHBEKITI-IN@Y3il B TUX 00JACTAX, Je BeJIUInHa IpajiieHTa U € Ma-
JIOIO, TOJII sIK Y THUX TOYKaX, Jie BeJUInHa IpaJieHTa JOCUTh 3Ha4YHa, Judy3id
NPaKTUYIHO BIJCYTHSI.

Kpim Toro, moxkuaa mokasaru, 1mo piBasaHHs (3.1), 9K TpUKIaI HeTHITHO-
ro piBHAHHA Judy3il B MOPUCTOMY CEPEJIOBUII, MOETHYE MUQY3IHHTI MOTIK
BIIEpe/I-Ha3a/] 13 KoHBekIieo (abo apeiidom) GyHKIT v BIIIOBIIHO 10 MOJIsI
muKocTi b. okpewma, oneparop div (f (|Vu|) Vu) nepenbadae npsmy mudy-
3i10 B 00JIacTsIX, Jie KBaJpaT BEJIUYMHU I'PaJiieHTa (DYHKIIT « MEHIIUH aHixK
1, Toji sik 3BOpOTHA JNy3is 3’ ABJIAETHCI B 00J1aCTi, Jie abCOIOTHI 3HAUYEHHS
rpajiienTa mepeBunyoTs 1.

Takum auHOM, MOJIE/H (3.1) € MPUKJIaI0M HEKOPEKTHOI 3a/1a4i MaTeMaT -
HOT (pisuKM i 1eit paKkT MOXKe CIPUIMHUTH TI0sIBY OaraTboX HECIIOIiBaHUX edek-
TiB B TOBEJIHI PO3B’sI3KiB Takux 3a71ad [32]. 30Kpema, Ha ChOTOHI HEBimoMI
pe3yJIbTaTH IT0J10 ICHYBaHHST PO3B’sI3KiB JIjIsT TTOYATKOBO-KpaiioBol 3a/a4i (3.1)—
(3.3). o6 momostaTu 110 podseMy, 6araro aBTOPIiB MPOHOHYBAJN TPOBECTH
MeBHYy peryJsipusaiiito pisasiabs (3.1), sika 6 ycmaJkoByBasia #Oro mpupoIHy
BJIACTUBICTH MIOJI0 BITHOBJICHHs 300pazkKeHb, ajie Maja 0 Kpallly MaTeMaTHIHy
MoBeHKY (/uB., Hanpukia, [1,6,21,34,38,61] i mocunanus B Hpomy ). 106 ra-
paHTYBATH ICHYBaHHSI Ta €JUHICTb PO3B’SI3KY MOYATKOBO-KpaiioBol 3a1adi (3.1)—
(3.3), aBropu B [29] 3anpononysasu MoudiKyBaT piBHsiHHs (3.1) HACTYIIHIM

YMHOM

up — div (K(t,z)Vu) + (Vu,b) =v B Q= (0,T7) x Q (3.7)

ne K(t,x) = f(|VY}]), VY = VG, x Y* € 3r1ajiKeHo0 Bepeieto rpaJiieHra
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Big Y™, G, € nBoBumMmipHuM siipom [ayca,

1 x|
Gy(x) = 27m2e_|202, r € R?

(VG V") (2) = /Q VG,(z —y)Y*(y)dy, Vazeq,

a mogo Y* € C([0,T]; L*(€2)), To 110 GyHKIIO IPOIOHYETbC 00paTh sK Hail-
IPOCTIIYy MOJIe/Ib €BOJIONIT 300paskenHst Ha inTepsasi [0, T]. A came, 1T BusHa-
JaIOTh 9K PO3B 30K HACTYITHOI 3a/1a9l ONTUMI3aIlil

Ak

— div (f (‘VY0'|) VY) |t=(T0+T1)/2 T
t=(To+11)/2

2
+ (VY|t_(TO+T1)/2 : b> — v} dx

+/ AVl + 25 (VB + [Vbs|*) ] da — inf) , (3.8)
Q veHL(Q
beH1(Q;R2)

Opnnak j100pe Bijtomo, 1110 MoJjiesib [epona—Madtika 3 pocTOpoBO peryJisipu-
30BaHIM T'PAIEHTOM Mag€ KIJIbKa CePUO3HNX MPAKTUIHUX 1 TEOPETUIHNX HEJ0-
jikiB. [leprra npobisiema roJisirae B ToMy, IO ITPOCTOPOBa, PeryJisipu3allist rpa-
mierra y Bursaii f (|VG, % u|) npussoguth 10 BrpaTi TOYHOCTI y BUIAJIKY,
KOJIN CUTHAJI 3aIllyMJIEHUI, TOOTO B HbOMY NPUCYTHIN OLINit IIyM, JUB. HAIIPU-
ka1 [21]. Toxi mmym cTBOproe jiyzKe BeJINKi, TEOPETHIHO HEOOMEXKeHi, KOJIMBaH-
Hsl rpajieHTa Vu. Y pe3yJibTaTi 31JIa/IKyBaHHs, dKe 1epei0aieHo MOJIeJIII0, He
PO3B’3y€e MpodJIeMy 3IIaJIXKyBaHHA 300payKeHHs, OCKIJIBKU 3’ sBJISITHCA ME¥XKI,
SIK1 OYIYTh MTOPOJIZKEHUMU TITYMOBUMU JTOOABKAMH.

Hpyrum memosikom mozeni [lepona—Marika 3 perynspusoBaHuM I'paJii€H-
ToM (auB. Takoxk moner (3.7), (3.2), (3.3)) € Te, mo mpocTOpOBO-iHBapiaHTHE
rayciBcbKe 31J1a/I2KyBaHHSI BCEPE/IMHI JIMBEPI'EHTHOIO YJleHa MA€ TEeHIEHIIII0 3Mi-
IIyBaTH KOHTYPHICTb B % B CTOPOHY BiJl 11 TOYaTKOBOTO po3TallyBaHHdA. /IuB.
[77], ne nie nuTanHg JerasbHO BUBUYAEThCs. Lleit edexr, BijmoMuii sk KOHTYpHA
JIACJIOKAllisl, MOKe OyTH 3ryOHHM, 0COOJIMBO B KOHTEKCTI HPOOJIEMH BUSIBJIEH-
He TOYHOI JIOKAIll MeK 1 1X 3aCTOCYBaHHS JI0 JUCTAHIIITHOTO 30H/IyBaHHS Ta

MOHITOPUHI'Y 3€MHOI ITOBEPXHI.
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3 orsiy Ha Iie, Halll NOJIOBHUI IHTEpec y IbOMY PO3JLIl IOJSITae y J0-
cirijizkenti pisasiabg (3.1) Ta BianosigHOT 33/1a4i onTuMizanii 63 IPOCTOPOBO-
IHBAPIAHTHOI'O TAYCOBOTO 3IVIaJIKyBaHHS KOeMIIIEHTIB B JUBEPIEHTHOMY UJICHI
OCHOBHOTO oriepaTopa. Marodn 11e Ha yBa3i, po3ryIgHeMO HACTYIIHY 3aa9y OITH-

MaJIbHOT'O KEPpYBaHHA

(R) Minimizysaru J(v, u) /|u —ugl*dr 4+ = / /]Vu|2dxdt+

7 2 1
— D|—F——— .
+2/0 /w|v| dxdt+/T (1+\Vu|?> (3.9)

38 HAIBHOCTI TaKUX OOMErKeHb

u — div (%) =ovxy B Qr:=(0,T)xQ, (3.10)
du=0 ma (0,7) x 09, (3.11)

u(0,) =uy B Q, (3.12)

v € Vg = L*(0,T; L*(w)), (3.13)

ae T > 0, Q e obMeskenoro Binxpurowo migmuoxkunoro RY 3 Jlinmunb-Here-
pepBHOIO Mekero, N > 2, w € BIAKPUTOIO HEMOPOXKHBOIO MiAMHOKNHOIO ),

CUMBOJI O, O3HAYAE IOXIJIHY 34 30BHIIIHLOIO OJMHUYHOIO HOPMAJLIIO, X, =
1, r € w,
0, z€ Q\w

ug 3 L*() BBazKaloThCs 3a1aHUMNI, A, Y— J0JaTHI cTaji, a dyHkiig v : Q — R

€ XapaKTePUCTUIHOIO (DYHKITIEI0 MHOYKUHY W, (PYHKITT 14y Ta

BUCTYIIA€ B SIKOCTI K€pyBaHHs.

3ayBaKnuMoO, 1110 Ha CHOTOJHIITHIH JeHb B JiTepaTypi 3a/a4i KepyBaHHs J1J1si
Hesrta izkenoro pisagannag [lepona-Mastika mpuiisieno ay»ke Majio yBaru. Pizao-
MaHITHI MocTaHOBKH 3a/ad KepyBanus (3.9)—(3.13) 1 HemiHIAHOTO piBHSAHHS
nudysil B MOPUCTOMY CEPEJIOBUII B OCHOBHOMY MOTHBYIOTHLCS THUM CIIOCTEPE-
JKEHHSIM, TI10 X MOXKHa, YCITIITHO 3aCTOCYBaTH JI0 0OPOOKH 300paskeHb, 30KpeMa,
JIO TIOJI0JIaHHS CYKYITHOCTI I'ayCOBOI'O Ta IMITYJIbCHOI'O IIYMIB i3 30eperKeHHsIM
KOHTYPIB 1 TeKCTypu 300pazkKeHHsl (JIUB., HAIPUKJIaJI, 3] i HOCHIaHHs B HHOMY ).
3 inmoro 60Ky, HOBU3HA 3allpOIIOHOBAHOI B JIaHiil poOOTI 3a/iadi ONTHMAa/IbHO-

o KepyBaHHs IIOJISITA€ B TOMY, 110 MU 3a/Iy4a€MO JI0 ONTUMI3aIlll HesliHiiiHe
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PIBHSIHHSI 3 JIOCUTH CHENUMIYHIM TUIIOM HEJIHIHHOCTI (& caMe 3 HEeOIyKJIO
Ta HEKOEePIUTUBHOI CKJIQJOBOIO B JuUBepreHTHOMY wieni). Uepes 1ie curyariisi
crae e feikarainor, ockiabku (3.10)—(3.12) me € KopekTHOO 38 Anamapom
3aJladero JiId JJaHOTO THUITY HeJIHIITHOCTI.

Ak zaznavasocs Buie, oneparop div (f (|Vul|) Vu) 3 dyskiiero f, aka 3a-
nara mpasmioM (3.6), € MpUK/IaIOM HeJIHIHHOTO omeparopa B JNBEPreHTHIH
dopmi 3 BUPOIZKEHUM THUIIOM HEJIiHIIMHOCTI. BijbIe Toro, ocKijbKu (yHKIIis
RY 3 5 — %W € RY e € ani MOHOTOHHOIO aHi KOEPIMTHUBHOIO, IPOOJIC-
Ma PO3B’I3aHHOCTI MOYaTKOBO-KpaiioBol 3asaqi (3.10)—(3.12) Ta emumicts 11

PO3B’3KIB 3a/IMINAEThCs BiKpuToo. Matoun 1e Ha yBasi, OyjgeMo KazaTH, 110

(v, u) € mormycTUMOIO Apoo Jyist 3aa4i (3.9)—(3.13), akio
v € Yoq := L*(0,T; L*(w)), we L*0,T;HY(Q)), J(v,u) < +oo, (3.14)

1 TP IIbOMY CHPaB/ZKYEThCs 1IHTerpaibHa TOTOXKHICTh
90 (Vu, Vo)
dxdt =
/ / ( 1+ \VUP) ‘
T
:/ /vgpdxdt+/uo(x)g0(0,a:) dr (3.15)
0 w Q

JUTst OyIb-sKol pyHKIIT ¢ € P, e
®={peC'(Qr) : ¢(T,")=08Q1adyp=0mna (0,T)x 0Q}.

[I1o6 3’sicyBaTy, B IKOMY CEHCI PO3B’SI30K TaKol 3aJiadi IPUIIMAE II0UaTKOBY

ymoBy (0, ) = ug, HABEJIEMO TAKWil PE3yJIbTAT.

TBepmxkenns 3.1.1. Hexat (v,u) e donycmumoro naporo das 3adavi (3.9)—

(3.13). Todi, dan moboi mecmosoi pynruii n € C°(Q), ckarapna dynryis

h(t) = /u(t,x)n(a:) dx nanreocums xaacy W0, T) i npu yvomy h(0) =
Q

., uo(z)n(x) dx.

Jlosedennsa. Tloknamemo p(t,x) = n(x)((t), ne ((-) € rajkow QYHKIHED HA
[0,T)i{(T) = 0. Toxi 3posymiso, o ¢ € . a 0TKe iHTErPATBLHA TOTOXKHICT

(3.15) mopo/Kye piBHICTDH
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/OT _h(t)C/(t)-l-\(/Q%dx—/wm)dx)g(t) dt =

H{(t)

:\( [ d:c)4<<0>- (3.16)

-~

k

Ockimbkn h € LY(0,T) 1 H € LY(0,T), to 3 (3.16) snaxoaumo: h € WhH(0,7),
TobTo byukIis h(t) € abcosmorno Henepepsroio Ha [0, T']. Bimbiie Toro, 3 (3.16)

baunmo, 1o h(0) = k. []

J11s1 BLIBITIOT 3pYIHOCTI MHOYKIHY BCIX MOXKJIMBUX PO3B’s13KiB 3a/1adi (3.9)—
(3.13) moznaunmo uepes =. Yepes Bupojzkeny mnoseminky muoxknnka f(|Vul),
CTPYKTypa MHOXKMHU = Ta 11 OCHOBHI TOIIOJIONYHI BJIACTUBOCTI 3arajoM HeEBi-
JTOMI.

B 3B’s13Ky 3 IIUM, OCHOBHA yBara B IIbOMY PO3/ILJIi HOJIATa€ B PO3pOOII TaKOol
CXeMHU allpOKCHUMAIlil BUXI1JIHOI 3a/1a4l ONTHMAJIbHOIO KePYBaHHS, siKa O J103BO-
JINJIa, CKOPUCTATUCS HENIPSIMUM IT1IX0/I0M JI0 PO3B’sI3aHHS MPOOJIeMU iCHYBaHHA
ONTUMAJILHUX PO3B’A3KIB Ta MOOYI0BU IMPOIEIyPH I 1X eDeKTUBHOI ampo-
kcrmmartil. Marodn 1e Ha yBasi, MU MOKa3yeMO, IO BUXIJIHY 3a/1ad9y ONTHMAJb-
Horo kepyBauus (3.9)—(3.13) MokHA eDeKTHBHO alPOKCUMYBATH CIIETATBHOIO
ciM’€10 3aJ1a9 ONTUMAJBLHOI'O KepyBaHH JIJIs JIHITHIX 1apabo/ivHIX PIBHAHB
i3 pikTuBEHIM BV -KepyBaHHAM B OCHOBHII YacTUHI JUBEPreHTHOI'O OIEPaTO-
pa div (pVu). Xoua kourerniisi GiKTUBHUX KePYBaHb HE € HOBOIO B JiiTepary-
pi, y IIbOMY pO3/IiJi MU BUKOPUCTOBYEMO 11 B Jielo iHmoMy copmaTi, a came
IOETHYEMO 11 3 MMOTOYKOBOIO 301:KHICTIO T'PaJIIEHTIB PO3B’SI3KIiB IIEBHOI'O KJIACY

napaboJIYHIX PIBHSHb.
3.2. Ilomepenni pe3yjbTaTu

Y 1IbOMY PO3iJIi MU HABOJANMO KiJIbKA TEXHIUYHUX PE3Y/IbTATIB, sIKi MOXKHa, PO3-

IS ATH sIK TIEBHY crerudikaiiiio gjoope Bigomux pesyiabraTiB Bocardo Ta Murat
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(muB. Teopemu 1.3.1 ta 1.3.2)

TBepmkenns 3.2.1. Hexad

up — u  caabko 6 L*(0,T; H'(Q)). (3.17)
Ipunycmumo, wo
0
% —hy 6 D(0,T)xQ) VEkeN, (3.18)

de { Iy }rey € 00medcenoro nocaidoswicmio 6 L*(0,T; H (). Todi

w, —u  cumvno 6 Li (0,T; L} (). (3.19)

loc loc
Losedenna. s nosinbaux TectoBux dyukiiit ¢ € C;°(Q2) tan € C3°(0,7T),
TOKJTAJIEMO

8(t.0) = n(0)6(a), 2= Gus, o= Ohy + o

Toni, B cuty minbHOCT BKovenns H(Q) C L3(Q) € H1(Q), Gaunmo, 1o
1ist OyTb-sTKOT BiKpuTol MHOXKUHE S J1/ist Kol supp () C S C €, € cupase-

JAJINBUIMUI BJIACTUBOCTI

0o(t, -
2(t,-) € Hy(S) i d)(;t’ )uk(t, )eHYS) VkeN wmc.s te(0,7),
% =a; in D'((0,T)xS), VkeN,
sup || 2kl z20.mm3(s)) < €5 sup [lal|20mm-1(9)) < C (3.20)
keN keN

npu jgesakomy C > 0.

Kpim Toro, yci 1i ¢pyHKIT MarTh CBOIMU HOCIIMU MHOYKHUHM, 9Ki HAJIEXKATh
koMmrakTHii mijgmuoxkuni B (0,77) x S.

Ockinbku Braagennsa Hy(S) < L*(S) ta L*(S) — H(S) e komnakrhu-
Mu, TO 3a Jsiemoio Aubin’a (mus. Posnin 8, Bractusicrs 4 B [76]) Ta ymoBamn
(3.20), oTpumyemo, 110 TOCTiIOBHICTD {2k } .o € KommakTHOW B L2(0, T'; L*(S)),

1o 1 10BOAUTE OazkaHy BiacTuBicTh (3.19). O
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TBepmxkenns 3.2.2. Hezvatie € (0,1) i K € (0,00) € 3adanumu 8eAusuHnamu.

IIpunycmumo, wo nocaidosrocms

{ur}pZy C L0, T; HY(),  {uw}ply € L2(0,T5 L2(2),

00 3.21
ma {pdi € BV(Qr) N I=(Qn) &2
€ 0OMENCENUMU | MAKUMU, U0
up — u caabro 6 L*(0,T; H'(Q)), (3.22)
vp — v caabko 6 L*(0,T; L*()), (3.23)
pr — p crabko-x 6 BV (Qr) i m.c. 6 Qr, (3.24)
pp=¢ Mmc 6 Qr, VkeN, (3.25)
0
% —div (pVur) = v in D'(Qr), VkeN. (3.26)
Tooi
VTx(uy) — VTk(u) cuavno 6 L2, .(0,T; L2 ()Y, (3.27)

de Tx : R — R e onepamopom 3pisku na eucomi K 1 Axuti 03naveno 3a

npasuUsOM
Tk(s)=s, arwo |s| <K, Ti(s) = Ks/|s|, axwo |s|> K
Josedennsa. Tloznadanmo onepariiio JyajbHOro ClapioBaHHs MizK POCTOPaMN
L0, T; H Q) ma L*0,T; Hj(Q))

u

K < -+ >, lokmagemo Sk(u) = / Tk (s)ds. Toai, BUKOpHCTOBYIOUM
0

eeKT HAOJIMKEHHST 34, JIOIIOMOI0I0 3TOPTKH, JIEMKO [OKA3ATH:

st jioBinennx ¢ € C3°(0,T; C5°(Q)) ma uw € L*(0,T; H'(Q))

0
3 a—? € L2(O T; H1(Q)), maemo

< , Tk (u // a¢SK dxdt. (3.28)

[Tos’sizkeMo 3 110BiIbHOIO KOMIIAKTHOW MHOXKIHOIO A C Qp = (0,7T) X €
dbyukiio ¢4 € C3°(0,T; CH(Q)) Tax, mobu 0 < ¢4(t,x) < 1BQripa(t,x) =
1 na A. Toni, noksasmu B (3.26) TecT0BO0 (QYHKIIIEH

2y = [T (ug) — Tg(u)] ¢a,
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OTpUMaeMO
<8Uk quTK(uk '// %SK uk d:vdt

a oTxe, 3 (3.26) 3HAXOINMO

// a¢ASK (ug) dadt — <aUk,¢ATK( )>
T Qr

—f—/ dapr (Vug, VT (uy) — VI (u)) dedt
Qr
+ // [Tk (ug) — T (w)] pr. (Vug, Vda) dadt

:/O {0k, [T (ur) = Tie(w)] 04) g0 oy @t (3:29)

Zx BumumBae i3 3pobsenux Buire npuiyiieas (3.21)—(3.24), mocsinoBHicTsb

{hk}keN 3
h, = div (kauk) + Vg

e obmezkenoto B L2(0,T; H1(Q2)). Otke, 3a TeepizKentsam 3.2.1 Maemo, 1m0 3
TOYHICTIO JIO IMIJITOCITOBHOCTI MalOTh MiCIle TaKl BJIACTHUBOCTI

Tx(ug) — Tr(u) = 0 cnabko B L*(0,T; HY()),

3.30
cuibho B L2 (Qr) Ta Mm.c. B Q7. (3:30)

Tum camuM MOKa3aHo, MO OCTaHHIi jogaHoK B (3.29) mpsiMye J0 HyJIs TIpU
k — oo.
Bisbie Toro, samydatoun toit dakt, mo pr(xr) — p(z) — 0 m.c. B Qr a

nocinosricts {(Vug, Voa) oy € 0OMmexkernowo B L?(Qr), orpumyemo

// (T (u) — T (uw)] pp (Vug, Vou) dedt — 0 1pu k — oo.

OckibKn

8 8uk

—SK(uk) TK(uk) 81;

= 5 D((0,T)x Q) YkeN,

T0 3 TBepizkenns 3.2.1 pummmsae, mo Sk (ur) — Sk(u) cuabno B L2 (Qr).

: 0P 4 _ ¢A
khng //QT WSK(U;@,) dxdt —/ g Sk (u) dxdt.
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CrocoBHo Jipyroro jojanky B (3.29), 6auumo, mo ¢paTx (u) € L*(0,T; H} ()

1 posnoisenns %“t’“ e oomexkenuvu B L2(0,T; H-1(Q)). Tum camum

<8Uk>¢ATK( )>QT—> <88167¢ATK( )> =

 3.29) // %SK )dxdt 1pu k — oo,

Takum 9HOM ITOKA3aHO, IO

kh—{go //QT ¢Apk (Vuk, VTK(uk) — VTK(U>) dxdt = 0. (331)

Bepy i 1iefi baKT 10 yBATH, 3ayBaAKINO , 110
/ N 64|V T (uy) — VT (u)|” dudt
- 6o = i) (VTicm), Vi) = VTx ()
+ / T¢A (pe VT (ur) — pV Tk (u), VI (u) — VTk(u)) dadt
= J[. 020~ 9 (TTi(w). Vi) — V()
+ / 04 (Y Ticlm), V() = VTic(w) dade
_ / 04 (pV i), VTic(ur) = VTic(w) dd
- 6o = i) (i), VTi(ug) = VTx ()
n / 6 (peTm, VT (1)~ VTic()) drc
_ / 6 (peT VTicm) — V() v,

N //Q ¢4 (pVTk(u), VT (up) — VIk(u)) drdt, (3.32)

Jie 9epe3 YA, MO3HAYEHO XapaKTePUCTHUHY (PYyHKINI0 MHOXKIHU

Ay =A{(t,x) € Qr : |u(t,z)| > K} .
3 orsiy Ha (3.24), (3.30), Ta (3.31), Maemo

/ da(p— pr) (VT (up), VT (uy) — VT (w)) dudt ™ ™% 2 0,
Qr
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/ 6.4 (px Vg, VT (ur) — VTic(w) dadt ™ 5 0,

/ da (P T (1), VT (ur) — VT (w)) dedt ™5 0.

T

B pesysbrati 3 (3.32) BuimBsae, 1o

k—o0

lim //Q ¢Ap|VTK(uk)—VTK(u)fda:dt:

= — lim / ¢4 (prVu, VIk(ur) — VTk (1)) xa, dzdt.
Qr

k—o00

Buxopucrosytotun Toii dbak, mo xa, VI (ur) = 0 maiizke ckpizb B Qr, 6aunmo,

1110

lim //Q qu,O‘VTK(uk) — VTK(u)|2 dxdt =

k—o0

= lim // o4 (pVu, VTk(u)) xa, dxdt.
Qr

k—o00

Kpiwm Toro, 3 orisiy Ha crabky 36ikHicTD (3.22) Ta Teopemy Jlebera, orpumy-

€MO

pAVTi(u)xs, — 0 cumsno B8 L2 (Qr)Y.

Orxe,

0 = lim // Gap|VTx (up) — VTK(u)|2 dzdt > ¢ ||Ti (ugp) — VTk(u)||* .
Qr

k—00

THM CAMUM TPUXOJINMO JI0 AHOHCOBAHOI BiracTuBocTi (3.27). O

OcHoBHUil pe3y/ibTaT TBepKEHHST 3.2.2 MOXKHA YTOUHUTH y TaKuii crocio:

Teopema 3.2.1. Hezati € € (0,1) e sadanum i nexat

{ur}pz, € L*(0,T; HY(Q)), A{w}pe, € L*(0,T; L*(Q)),
ma  {prl—; C BV(Qr) N L>(Qr)

€ 0OMENCEHUMU NOCAMIOBHOCTNAMU, AKL 3000604bHA0MY YMosy (3.22)—(3.26).

Tooi

(3.33)

Vuy, — Vu cuavno 6 L0, T; LY(Q))Y das dosiavrozo ¢ € [1,2).  (3.34)
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Jlosedenna. Obepemo noBlIbHY KOMIAKTHY TamuOKIHY A C Q7 = (0,7T) X §2
i moB’szkeMo 3 Heto riasky GyHKII ¢4 € CP(0,T;C3°(Q)) Taky, mo 0 <
oa(t,x) < 1B Qr maga(t,z) =1 na A. Y BiAmoBiAHOCTI 10 BUXITHUX TIPHITY-
menb Gynkuii {vg}oo, 1 v nanexars npocropy L*(0,T; H71(2)). Orxe,

ou

a7 € L0, T; H Q) ra % c L*(0,T; H (), VEkeN,

Towmy, 111006 BUKOHATHU 3BUYaiiHE iHTErpyBaHHs 33 YaCTUHAMU y BapialliiiHiil piB-
HocTi (3.26), MmoxkHa ckopucTarucs Tk (up — u)p4 K TecToBoo QyHKIHEW. Be-

pyun J10 yBaru nofants (3.28) i BUKOPUCTOBYIOUH TOIl (hakT, 110

0 (up — u)

YR div (pxVur — pVu) = v —v in D'(Qr), VkeN,

OTPUMAEMO
3¢A
SK (up —u) dedt + o4 (prVug — pVu, Vg (u, — u)) dedt+
T Qr

+ [/T [T (ur, — u)| (pxVug — pVu,Vo,) dedt =

T
= /0 (vk = v, [Ti (ur, — w)] Ga) g1, () dt- (3.35)

3aB/IsIKN TBEp/XKeHHIO 3.2.1, MaeMo

Tr(ur —u) =0 caabko B L*(0,T; H'(2)), cumbno 8 L2 (Qr)
Ta M.C. B Qr,

Sk(up —u) — 0 cmmbno B L (Qr). (3.37)

(3.36)

Toni, 3 orsiny Ha (3.23), nepmmii 1 ocranmiit gogankn B (3.35) MPAMYIOTH 10
HyJ1s1t ipu k — 00. Bisbiie Toro, kopueryounch tum, mo {px}re; C L¥(Qr),
pr(z) — p(xz) = 0 m.c. B Qr, a nociigosricts {(Vuy — Vu, Voa)} oy € 00Mme-

xenoro B L?(Qr), 3a Teopemoro JleGera oTpuMyemMo
// [Tk (ugp — u)] (peVur — pVu,Vou) dedt =
= [/ [TK(uk — u)] Pk (Vuk - Vu, V¢A) dxdt+

+ //T [T (up — u)] (pr — p) (Vu, V) dedt — 0 upu k — oo. (3.38)

88



Omxe, nepexosian j1o rparuil B (3.35) ko k npsiMye B HECKIHICHHICTH, 3HA~

XOJIUMO

lim o4 (pVug — pVu, Vg (ur —u)) dedt

k—o00 QT

k—o00

= lim // dap (Vur, — Vu, VIg(up —u)) dedt
Qr

k—oo

+ lim //QT dalpr — p) (Vug, VIg(u, — u)) dedt

k—o00

= lim // oap (V(ur, —u), VIg(up —u)) dedt =0, (3.39)
Qr
J1e

lim oalpr — p) (Vug, VI (up —u)) dedt =0

k—o00 QT

3a Jiemoro 1.2.2. IlokiaBimm

2
By = ¢ap|V(up —u)[”  BQr
Ta po30UBIIN MHOXKUHY A Ha /1Bl M IMHOKIHHI

B ={(t,n) € A :|up(t,x) —u(t,z)| < K},
GE ={(t,2) € A : |Jup(t,2) —u(t,z)| > K},

OaInMO, 110

// EY dedt = // EY dxdt + // EY dxdt
A GE
(// Ekdxdt> |BE|10 4 (// Ekdxdt> |GE0

3a HepisuicTio Hélder’a 3 mapamerpom 6 € (0,1). Ockinbku jyist ikcoBaHOTO
K, maemo |GE| — 0 npu k — oo, i Tax sk nociigosnicrs {pV (uy — u)} oo,

oomexena B L?(0,T; L*(Q)N), o supiey | Bkl 11 o) < 00, a oTxe,

0
lim (// Ey dxdt) |GE)1=0 = 0.
k—o0 Gi(

Taxkum gmHOM,
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< lim // Ef dzdt < lim ( // Ekdxdt) | BE|1?
k—)oo k—o0 BK

0
= <lim / dap (V(ug —u), VIg(up — u)) dxdt) hm |BE|? >

k—o00

(3:39) 0

(3.40)

B pesyabrari 3 (3.40) sumsmsae, mo EY — 0 cwibno B L'(A). Orke, st
MOCJTITOBHOCTI KOMITAKTHUX MHOKUH A C Qp, icHye mianocsiiosuicTs { Fy } LEN
Taka, 1110

Ey (t,z) = 0 s madizke Beix (¢, ) € Q.

Toxi 3 oninku (3.25) orpumyeMo
Vug (t,x) — Vu(t,x) s maiizke Beix (t,x) € Qp npu n — o0.

Ha zaBeprienns 1oBegeHHs 3aUIMIAETHCA 3ayBayKUTH, O OCKLIBKH TTOCTII0B-

nicts {Vuyg b, € obmexenoro B ipoctopi L*(0,T; L*(Q)Y), To sk Bunmsae 3

teopemu Vitaly (nuB. jiemy 1.2.1), orpumyemo

Vu, — Vu  cubro B LY(Qr).

3.3. Cxema peryaspusaliil BUXiJHOI 3a/a4il ONITUMAJIbHOTO Kepy-

BaHH?I

PosrngneMmy HACTYIIHY CYKYIHICTH allpOKCUMAIITHIX 3a/1a4 ONTUMAJJIBLHOTO Ke-

pyBaHHs

(Re) Minimizysarn J.(p, v, u) /|u ) — ugl? da+

//\Vu|2dxdt—l— //\v\%ixdt—l—
/\DpH
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3a TaKNX 0OOMEXKEHb

u — div (pVu) =vx, B Qr:=(0,T) x £, (3.42)
0
a_z —0 ma (0,7) x 00, (3.43)
u(0,") =wuy B €, (3.44)
v € Vog = L*(0,T; L*(w)), (3.45)
pERW ={heBV(Qr)NLY(Qr) : 0< h(t,x) <1mc. B Qr}. (3.46)

Byiemo kaszaru, 1o Koprex (p, v, u) € JIOIMyCTUMUM PO3B’sI3KOM /IS 3a/1adi

(3.41)—(3.46), akio
pERua, vEVug, ucL?0,T;H(Q)), (3.47)

g2 1
.C. 3.48
L R

p(t,x) > max{

1 IpM IIbOMY 1HTerpaJibHa TOTOXKHICTH

[ s pu 5o =

= /OT/vgp dxdt + /Quo(:c)go(O,a:) dr (3.49)
€ BipHOIO TIpH BCiX ¢ € W, 11e
U={peC(Qr) : o(T,)=08Qr1ad,p=0mna (0,T)xIN}.
[To3HAUNMO MHOXKMHY BCIiX JIOIYCTUMUX PO3B’S3KiB Uepes =..

Baysaxkenns 3.3.1. [lokaocemo, wo =, # O npu xoosrcnomy € > 0. Jiticro,

saacwu 2 = e~ tu, maemo maxy nouamro6o-kpatiosy 3a0auy O 2 :

2+ oz — div A = e vy, z) = Uy, (3.50)
t=0

de sexmop-pynrxuia A = pe®*Vz 3a00604vHAC YMOGAM MOHOTMOHHOCTI, KOED-

YUMUBHOCTNE A 0OMEHCEHOCTN

(Att.2.6) — Alt.em).€ ) >0, (Arw0).6) > e

T 14e?
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(Att2,).€) <eTlel,

a onepamop Bz = az — div A e koepyumuehum 6 npocmopi L*(0,T; H(Q)),

mobmo

2
(B2, 2) 20 @y 2o @) 2 Az lz2on+
2
€ 2 2
+ m“vzHLQ(QT;RN) > coll 2l 720,00 (0)
Omorce 3adavua (3.50) mae edunuti poss’asox npu woscromy v € BVaq [60].
Ilo cmocyemuca nowamrkoso-kpaiiosol 3adavi (3.42)—(3.46), ma maxud camud
BUCHOBOK MONCHA OMPUMAMU NOMHOMCUSWY 2 Ha €. Kpim mozo, y ybomy
BUNAIKY BUKOHYEMBCA THMe2pasvora momoscuicmy (3.49) das oydv-akoi Pym-

Kuii @ € W, a makooc € 8an10H010 EHEP2EMUNHA PIGHICND

t
/u2(t,x) dx—|—2/ /p|Vu|2dJ:dt:
Q 0 Jo

t
:2/ /vudxdt—i—/ugdaz, 0<t<T. (3.51)
0 Jw Q

HacrymHauMm KpoKoM € JIOCIiIZKeHHST TOIIOJIONYHIX BJIACTUBOCTENH MHOYKUHH

JIOITYCTUMUX PO3B’A3KIB =..

Osnagenna 3.3.1. Ilocaidosnicmdv {(pk, Vi, Uk) € Zc}rey 0ydemo nasusamu

0OMENHCENH010, AKULO
sup okl Bv@r + 1okl 20 c2 ) + url 20 0] < +oc.
S

OszHauenHns 3.3.2. bydemo xazamu, uo obmedcena nocaidosHicms donycmu-
MUL D036 °A3Ki6 {(Pk, Uk, Uk) € Zc} ey T-3012aemuca do (p,v,u) € BV (Qr) X
L*(0,T; L?(w)) x L*(0,T; HY()), axwo suxonyromuca ymosu

up, — u caabro 6 L*(0,T; HY(R)), (3.52)
v — v caabrko 6 L*(0,T; L*(w)), (3.53)
pr — p caabko-x 6 BV (Qr) ma m.c. 6 Qr (3.54)
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BayBaxkenHst 3.3.2. Ak sunausac 3 meopemu 3.2.1, axuo nocaidosHicmo
donycmumuz poze’aswie {(pk, Vi, Up) € Zc}iey € T-30001cH010 T Pk, Uk, Ug) N
(p,v,u), mo Vu, — Vu cuavro 6 LI(0, T; LYN))N dan ecix q € [1,2). Om-
oice, nepexodady 3a HeobrioHicmio do NIONOCAL006HOCME, MOACHA CMBEPIAHCY-

samu, wo Vug(t,x) — Vu(t,x) matiorce cxpizv 6 Qr = (0,T) x €.

3ayBaxkenHs 3.3.3. Ak Oesnocepednvo sunausae 3 (3.49), axwo (p,v,u) €

donycmumum po3e’azkom 3adavi (3.41)—(3.46), mo pisnicmy

8uk

e div (pxVug) = xwvr  in D'(Q7)

CNPasoAHcyemvbesa 6 cenct po3nodinensv oas ecix k € N. Biavwe moeo, AxuLo
{(pr, v, up) € Ec}yon € 00Mmesicenoro nocaidosricmio 6 cenci oznavenua 3.3.1,
mo div (ppVug) +xovr € L2(0,T; HY(Q)). Omorce, uy, € C([0,T]; L2(2)) 0as
scix k € N (dus. [75, Teepoorcernna 111.1.2]) i 3a pesyavmamamu J.L. Lions’a
[64, Posdia 1, Teopema 5.1] (dus. makosrc ysaearvhenns 4b020 pe3yibmamy

6 [76]), 6anaxie npocmip

W= {90 o€ L¥0,T; HY(Q)), ‘Z—f € L*(0,T; H‘l(ﬂ))}

Axutl Hadiaeno Hopmoro epagira

9

L2(0,T;H-1())

Dy
lellw = llell 2o, m @) + HE
Q))

komnaxmmo exsadaemvca 6 L?(0,T; L?(

Taxum wurom, nepwuti dodanox y uisvosomy dynkyionanri (3.41) e xo-
PEKMHO BUSHAUEHUM HA MHOHCUHT donycmumux pose aswie. Omorce, AKULO
{ug} ey € 0Omediceroro nocaidosricmio 6 W, a uy, — u caabko 6 L*(0,T; H'()),
mo uy, — u cuavro 6 L?(0,T; L2(Q)) i, ax nacaioox, uy(T, ) — u(T,+) cuavro
6 L*(Q).

[Tepmr HizK TTPOTOBKUTHU JIaJIi, BCTAHOBUMO BarKJIMBY BJIACTUBICTD.

Tepmxkenns 3.3.1. /lua xooicnozo € € (0,1) mmoorcuna Z. € cexsenyitino

3AMKHENH0I0 GIOHOCHO T-3010tCHOCTNI.

93



Hosederna. Hexait {(pg, vi, ur) ey C Ze € T-3012KHOIO 1OC/IA0BHICTIO JIOITy-
CTUMUX PO3B’sI3KiB JIjist 3814l oNTUMaIbLHOrO KepyBanHs (3.41)—(3.46). Hexait
(p,v,u) € i1 T-rpanureio. [Tokaxkemo, 1mo (p,v,u) € =..
; T2 ) 2 77l

Ockinmbku BRoOIeHHs X, v € Yyq := L7(0,T; L7(Q)) taw € L7(0,T; H (2))
OYEBI/IHI, TO TIOKAZKEMO, 10 yMOBa (3.25) BUKOHYeThCs pu obpanoMy € > 0.
MiticHo, nmpuitMaroun JI0 yBaru 3ayBazKeHHs 3.3.2, MOXKHa BBayKaTH, 1110 3 TOY-
HICTIO /IO I1JIITOCJIJIOBHOCTI CIIpaBe/IINBO

1 1
%
1+ |Vug(t,z)|? 1+ |Vu(t, x)|?

up(t,z) — u(t,x) i M.c. B Qr.

Ot2ke, 3a O3HAYEHHSAM T-301KHOCTI TPAHUYHUN TIepexiJl Y CIiBBiHOIICHH]

g2 1
142’ 1+ |Vu(t, x)|?

pr(t,x) > max{ } M.C. B Qr

. . o~ 2
IPUBOAUTD JI0 HepiBHOCTi (3.25) 3 € = ﬁ [Iomo BrITOUEHHS p € Ry, TO

BOHO € MPSIMUM HACJIJIKOM CJIaOKOI-* KOMIIAKTHOCTI OOMEYKEHUX MHOXKUH R,g
B BV(QT)

BaIaeThCsd MOKA3aTH, 10 TPAHUYHIIT KOPTeX (p, v, u) 3a/I0BOJIbHSIE iH-
TerpajibHy TOTOXKHICTH (3.49). s 1poro JocTaTHbo 3adikcyBaTH JIOBLIBHY

TecToBY PYHKIINIO (0 € W 1 epeiiTu J10 TpaHulli y CIiBBIIHOIIEHH]

/T/ (—prur + pr (Vug, Vo)) dedt = /T/ngo dxdt + / uo(z)e(0, ) de.

0 Q 0 w Q (355>
Ockinmbku ppVup — pVu cwisio B LY(Qr) ansa g € [1,2) 3a gemoro 1.2.1,
TO TPaHUTHU{T mepexin B (3.55) mpuBoAUTH 70 iHTErpaJbHOT TOTOXKHOCTI (3.49).

Taxum auaOM, (p, v, %) € JOMYCTUME PO3B’SI3KOM B 33/1adi ONTHMAJIBHOTO Kepy-

BanHs (3.41)—(3.46). O

TeHep MU MO2KEMO HepeﬁTI/I J0 JOBCICHHA iCH}/BaHHH OIITUMaJIbHUX pO3B7${3—

KiB B 3azadi (3.41)—(3.46).

Teopema 3.3.1. Hezati ug € L*(2) € 3adanoto dynruyiero, i nexati A ma vy €
dircosanumu cmasumu. Todi npu xoocnomy € € (0,1) 3adaua onmumarvrozo

kepysanns (3.41)—~(3.46) mae npunatimmi odun pose’aszox (po, 02 ud) € =..
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Jlosedenna. Hexait € € (0,1) e 3amanum. Tomi, sik Oysio MiJIKPECI€HO B 3a-
yBazkenHi 3.3.1, 3a1aua onruMabHOro KepysanHs (3.41)—(3.46) € 3micToBHOIWO,
T06TO =, # ).

Hexait {(pg, v, ur) € Zc}joy € MiniMizaniiinoro nocigosuicTio B 3a1a4i Ke-

pyBanas (3.41)—(3.46). Tosi 3 piBrOCTI

inf  J.(p,v,u) = hm /|uk ) — ug|* do+

(p,v,u)EE,
/ /|Vuk|2d:1:dt+ / /\U;ﬁdxdlf

D +
/ ‘ pk‘ 1+|Vuk|2

Ta O3HAYEHHs] MHOXKMHU R,y BUILInBae icnyBanus crajioi C' > 0 Takoi, 1o

dazdt} < 400

supgen || Vur|| r20,m.0200v) < O, supgen |0kl 220071200 < C,

. (3.56)
1 SUDPpeN ||PkHBV(QT) < C

Otke, 3aj1ydatloun eHepreTndny pisuicTsb (3.51), orpumyemo

T T
/ /u%(t,x) d:z:dtéQT/ /fukuk dazdt+T/u(2)dx
0 Q 0 w Q
T 1 (T
<2T2/ /vidmdt—i——/ /u,%dxdt—l—T/ugdx
0 Jw 2Jo Ja Q

iug | z20,7:22(0)) < AT?C? + 2THU0H%2(Q)
€

Takum anHOM,

Bukopucrosytoun 1eit dhaxkt pasom i3 (3.56), G6aunmo, Mo MOC/IiI0BHICT
{(pr, Vi, ur) € Ec}yey € 0OMeKeHOIO Y ceHci o3HaueHHs 3.3.1. A 1ie 3HAUNTB, 1110
icnytors dyukuii p¥ € BV (Qr), v° € L?(0,T; L*(w)) i v) € L*(0,T; H())
Taki, 1Mo 3 TouHicTIO 10 TiAmociosHOCTI (g, vk, Ur) — (P2, 00, ul) pu k —
00. OCKIJIbKM MHOXKIMHA Z; € CeKBEHIIHO 3aMKHYTOIO BiJIHOCHO T-3012KHOCTI
(muB. TBepKeHHs 3.3.1), TO 3BiJCH BUILINBAE, 10 T-TPAHUIHUI KOPTEXK (DyHK-
miit (p2, 02, u?) € momyeTHMUM PO3B’A3ZKOM B 3a/1adi ONTHMAJLHOTO KepyBaHHs

(3.41)—(3.46) (To6ro (p?,v?, u?) € Z.). Ha zaBepiuenns JoBejleHHs 3ayBazKIMO,

mo Vuy(t, z) — Vul(t,z) m.B. B Q7 (nus. 3aysaskenns 3.3.2), a oTKe,

1 1

0
— t — .C. .
1+ |[Vug(t, )2 pe(t ) 1+ [Val(t, )2 " @r

/Ok(tv Sl?) -
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OckiJIbKHI

1
Pk— o5 < 2 g Beix k € N,
‘ L+ [V [ 10y
: : 1 .
TO TOCJIIIOBHICTD § P — —————— € ekBi-inTerposaoio. OTKe, 3a Teope-
{ 1+|vuk¢|2}keN
moro Vitaly maemo
1 1
Pk — — p) — cunbo B L2 (Qr) (3.57)

1+ [V 2 1+ [Vl

(muB. stemy 1.2.1). Bepyun nieii cbaKT JIO yBaru a TaKo»K CIIIBBLJIHOIIEHHS

(3.5
lim inf - ddt: —ddt
z?lo?//p’“ 1+\Vuk|2 * //” 1+ [valP|
nuB. 3ayBaxkenus (3.3.3)
lim/\uk ) — ugl? dx > /\u ) — ug|? de,
k—o0

klim/ /|Vuk| drdt ™ &% //|Vu02dxdt
—00

3a (3.53)
lillgninf/ /|vk|2dxdt > / /|v02dxdt
—00

3a (3.54)
ipint [ 10l "2 [ 104l
Qr Qr

k—o0
Oaunmo, 10 PYHKIIOHA BAPTOCTi J. € CeKBEHIIHO T-HalliIBHEIIEPEPBHUM 3HI-

3y. TakuMm 4mHOM,

0 0 0 .. . .

J-(p2, vo,u2) < liminf J.(pg, vg, ug) < Um J(pg, vk, ux) = inf  J(p,v,u),
ko0 k—oc (pru) <=,

a orzxe, (p2,v2,ul) € onTUMATBLHIM PO3B'AZKOM. O

3.4. AcUMTOTHMYHUII aHAJI3 Peryjadapu30BaHUX 33J1a9 ONTUMAJIb-

HOro KepyBaHHAM (R.)

OCHOBHOIO METOIO IIBOI'O PO3/ILIY € ITOKa3aTH, 10 BUXiIHA 3a/a49a OITHMAa/IbHO-
ro kepyBatus (R) Mae HEMOPOXKHIO MHOKUHY PO3B’SI3KiB, & JesiKi 3 HUX OyTH
nocsrHy T (y BiAMOBIAHIET TOMOIOTIT) ONTUMAIBHUME PO3B’SI3KAMU AIIPOKCHMa-
miftaux 3a1a49 (R.). st pOro CKOpHCTaEMOCsT KOHIIEMIIE Bapiaiitnol 36ixK-
HOCTI 3a/1a1 yMoBHOT Minimizarii (muB. [28,51,52]) Ta BUBINMO acHUMITOTHIHY

noBeIiHKy cimeiictsa 3amad (R.) npu € — 0.
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PosnounemMo 3 HacTYIIHOT KOHIIEIIIII.

Osunauenns: 3.4.1. Hexat {(pe, ve,us)}.oy C BV (Qr) x L*(0,T; L*(w)) X
L*(0,T; HY()) e dosiavroro nocaidoswicmio. Bydemo xasamu, wo us nocai-

JOBHICMb € 0OMENCEN010, AKULO

sup o=l Bv (e + el 2012200 + ucll 2010 )] < +oo.
e>

OsznavenHst 3.4.2. Obmeorceny nocatdosHicmsy
{(peaUeyue)}g>0 C BV(Qr) x L2(07T§ LQ(W)) X LQ(O,T; Hl(Q))

. . w
nasusamumemo w-36iicnoro npu € — 0 i nucamumemo (pe, ve,u:) — (p, v, u),

awwo (pe, ve,uz) — (p,v,u) npu e — 0, mobmo

u. — u crabro 6 L*(0,T; H(Q)), (3.58)
v. — v caabro 6 L*(0,T; L*(w)), (3.59)
pe — p caabko-* 6 BV (Qr) ma m.c. 6 Qr; (3.60)

i npu yvomy Vu. — Vu cuavro ¢ L0, T; LY (Q)N).
BeranoBuMo HACTYTTHUN TEXHIUHWI pe3y/IbTAT.

Jlema 3.4.1. Hexat {(pe,v:, u:) € Zc}.o € d06ia0100 T-30101C1H010 NOCATI06-
Hicmi0 JONYCMUMUT PO36 A3KI6 0AA 3aday onmuMasvrozo kepysarns (3.41)—
(3.46), i nexati (p,v,u) € BV (Qr) x L*(0,T; L*(w)) x L*(0,T; H}(Q)) e ii
T-epanuyero. Todi (pe, v, u.) — (p,v,u) npu e — 0, de xopmesic (p,v,u) 3a-

J0BONOHAE 0OMEIHCEHHA

pERu, vEVu, wueclLl*0,T;H(Q)), (3.61)
1
t,x) > c. : 3.62

T
/ /(—sotqup(Vu, Vo)) dxdt =
0o Jo
T
:/ /vgpdxdtJr/uo(x)gp(O,x) dx, Ve e W. (3.63)
0 w Q

97



Hosederma. Ockinbku {(ps, s, Us) € Ec} .o € HOCIIIOBHICTIO JIOIYCTUMEX PO3-

B'S3KIB, TO IMPU KOXKHOMY € > () MaloTh MicIle PiBHOCTI

T
/ /(_SOtUe+Pa (vug,V(P)) drdt =
Q
' T
:/ /vesodfvdtJr/uO(x)w(O,x) dr, Yo € WU. (3.64)
0 w 0

[Tepexomsian B (3.64) 1m0 rpanui, orpumyemo (3.63). Ilokasimm B oMy CITiB-
BIJIHOIIIEHH] B siKOCTI TecToBOI (BbYHKINT ¢ esement mnpocropy CX(Qr) C W,

OadInMo, 10 T-TPaHuIist (P, v, %) 3a/I0BOJIbHSIE DIBHSIHHSI

ou
5 div (pVu) = x,v

B cenci posnogiienb D' (Qr). Orxe, sk 3a3Ha4ag0CsT B 3ayBaxkeHHi 3.3.3, Mo-

JKEMO BBazKaTH, 1110 JJIs KO2KHOrO € > () BUKOHYIOThCSI PIBHOCTI

0 (ue — u)

5~ AV (P Vue = pVu) = (v —v)xe 8 D'(Qr). (3.65)

Sajydatoun JiaJi apryMenTH 3 JIoBeJIeHHsT TeopeMu 3.2.1, M 06epeMo B STKO-
cri Tectool dyukuil s (3.65) dynknito Tk (u. — u)pa, 16 A — KOMIaKTHA
migvuaoKIHA Qp, & ¢pg € CF°(0,T;C5°(2)) e taknm, mo 0 < ¢pu(t,x) < 1B

Qr i ¢a(t,x) =1 ma A. llicis iHTerpyBanHst 3a YaCTUHAME OTPUMYEMO

/ dap: (Vu. — Vu, VTk(u. —u)) dedt = [/ %SK( — u) dedt—
QT T

- / ¢alpe — p) (Vu, VT (us — u)) dadt—

- / dap (Vu: — Vu, VIk(u. — u)) dodt—
Qr

- ] et ) (Vi Vit =) e

T
—I—/O (e = V)Xo [Tr (ue = w)] Pa) g1(0), ma() dt- (3.66)

OckinbKi 3a TBepzKeHHsIM 3.2.1,

Tr(u. —u) — 0 crabko B L*(0,T; H(Q)), cunbno B L2, .(Qr) Ta m.c. B Qr,
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Sk(u. —u) =0 cumsno B LY (Qr),

put £ — 0, 10 3 (3.58)—(3.60) Ta Teopemu Jlebera BumnBae, Mo npasa TacTHHA,
B (3.66) mpsmye 110 mysas npu € — 0. OTxe nepexojsiau g0 rpanuil B (3.66),

3HAXOJIMO:
hm// dap: (Vue — Vu, VTk(u: — u)) dedt = 0. (3.67)

Bzasmnm
E. = ¢Ap5 ‘V(UE - u)‘2 in Qr

Ta p036I/IBIHI/I MHOZKUHY A Ha HL[LMHO}KI/IHI/I

B. ={(t,x) € A :|u(t,z) —u(t,z)| < K},
G.={(t,z) € A :|u-(t,x) —u(t,x)| > K},

O6aInMoO, 110

0 0
//Efda:dt< (// Egda:dt) B0 + (// Eed:zsdt> G|
A B. G-

3a mepsuicTio Holder’a, me 6 € (0,1). Ockinbru st dikcoBanoro K maemo
|Gz — 0 npu ¢ — 0, a nocuinosricts {pV(u: —u)}.., € oOMekeHOO B

L2(0,T; L*()N), 10 sup.~g || B 11(@p) < 00, a oTxe

0
lim (// E. d:cdt) G| =0
e—0 G.
Takum amHOM,

0
< lim // E’ dzdt < lim [( // E. dxdt) | B,
€—>O e—0 B.

_ (nm / | 6ap (Ve = ), Vic(u: — ) d““f g

e—0

(3.39)

Xlii%|B5\1_9by— 0. (3.68)

B pesynbrati 3 (3.68) umumsae, mo E? — 0 cumbno B LY(A). Orxe, 3amyya-

109N JOBLIBHY MOC/IZOBHICTH KOMIIAKTHUX MHOKIUH A C (), 1m0 30iraroTbes y
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BUIIOBIIHOMY CeHcl 10 Q, 6aduMo, 110 BOHA MICTUTH T1ijiociosticTs { F. } 0
(siky OyzieMo mo3HAYATH TUM CAMUM 1HJEKCOM) TaKy, IO

E.(t,z) =0
Juist Maitke Beix (t,x) € Qp npu € — 0.

Orxe,
pe(t, z) |Vus(t, 2) — Vu(t,z)|> = 0 (3.60)
1ist Maifizke Beix (¢, z) € Qp npu €, — 0. '

BuxopucroBytoun Toit dakt, mo (pe, v, us) € = 11t KozkaOro € > 0 1 npu

1IHOM

1+ ¢e?

(t2)> g2 1 N
T max >
pe 1+e2 1+ |Vu(t, 7))
1

>
1+ [Vu(t, z)|?

m.c. B Qp (3.70)
npu jgoctatabo Maanx € > 0. Tomi 3 (3.70) Ta (3.68), 3HAX0INMO:

}Cli%‘// 1+]V R V. — Vul® dedt <

< nm// pe |Vu. — Vul? dedt = 0. (3.71)

e—0

OckibKn

IVue = VullZ o000 (/ /\vug Vu|da:dt) <
1/2
S ; d
</0 (/Q 1+ |Vu5(x)|2 \Vu, — Vu| :C) X
1/2 )
(/ (1 + [Vu(2) ) dx) dt) <
/ /1+\Vu€ IE \Vu. — Vu| dxdt/ / 1+ |Vu(z \)d:cdtg

(0.1 Vu. — Vul® dz,
< (1Qrl+ swp el ) [ ey V0 - Vol da

To 3 (3.71) BUIINBAE, 1110

: 2
ll_I)% HVug - VUHLl(O,T;Ll(Q)N) <
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e—0

1 2
< Cli —_— e — dxdt = 0. (3.72
C lm//QT1+\VUa\2 \Vu, — Vu|” dz 0. (3.72)

Takum IHMHOM, MU MOXKEMO YTOYHHUTH BJIaCTUBOCTI T-301kHOCTI (3.58)—(3.60)

TAKUM IHHOM: Ha JIOJATOK J0 (3.58), Maemo
Vu, — Vu cumsro 8 L0, T; LY(Q)Y)
Ta icHye mijnocsigoBricrs {&'} Taka, 1o
Vuu(t,x) = Vu(t,z) wm.c.B Qr. (3.73)

Ha 3aBEPHICHHA TOBEIACHHA 3aJIMIITACTbCA ITOKa3aTH, IO

1

t,x) > .C. : 3.74
Pl2) 2 TG e B @ (3.74)
J1J1s1 1IbOTrO JIOCUTD 3ayBaXKUTH, 1110
2
€ 1 1
tx) > : > .
pelt: x) max{1+g2 1+|Vu5(t,x)\2} T Ve op o 9
(3.75)

npu joctarinbo Masnx € > 0. Toxi 3amywaioan motoukosi 36ikuocTi (3.73) Ta,
(3.60) i mepexostan j1o rpanwuii B (3.75) npu € — 0, IPUXOINMO JI0 AHOHCOBAHOT

BracTuBoCTi (3.62). O

HarmmmM HacTymTHIM KPOKOM € OOTOBOPEHHSI INTAHHS, TIOB S3aHOTO 3 iCHyBa-
HHSIM PO3B’sI3KiB BUXITHOI 3a/1a4i onTHMaIbHOro KepyBanHs (3.9)—(3.13) ta ix
JOCSIZKHICTIO ONITUMAJILHIME PO3B’sI3KaMu altpokcuMariiiinmx 3aja4 (R.). [lepr
HIZK [IPOJIOBXKUTH, IIPUILYCTUMO, [0 MHOXKIHA JIOIIYCTUMUX PO3B’43KIB = 3a/1a-
qi (3.9)—(3.13) menopoxkus. ¥ BHIAJKY, KON MOYATKOBUIT CTAH %y JOCTATHBO
rrajkuit 1 supp (ug) C w, 1€ TpHIyIIeHHsT MOXKHa Jierko nepesiputu. JliiicHo,
uexait p € C([0,T]; C°(w)) — nosuibHa dyHKiis, Taka 1mo ¢(0, ) = uy(x)

y Q. Toxi jerko baunTu, 1o mapa

o (o509

HaJIEKUTh MHOKUHI =, a oTKe = # ().
Poznounemo 3 HACTYITHOTO pe3YJIbTaTy, AKNI MOYKHA PO3IVISIATH SIK TPAMUI

HacJ110K jeMu 3.4.1 Ta Teopemnu 3.3.1.
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TBepmxkenns 3.4.1. Hexati ug € L*(2) € 3adanoro pynxuiero, i nexatd A ma
v € nesnumu cmaaumu. Hexatd maxoorc {(,02, 02, ud) € Eg}€>0 € 0bMmedceno0
NOCAIDOBHICINI0 ONMUMANLHUT PO36 A3KIE OAA ANPOKCUMAUITHUT 3aday (3.41)—
(3.46) Koau masutdl napamemp € NPAMYE 00 HYAA 6 MEACAT CMPO20 CNAOHOT N0~
catdosrocmi dodammix wucea. Todi anatidemuvcesa nionocaidosHicms nocaido8Ho-
cmi {(,02, 02, u?) € E€}€>0, AKY 3HOBY NOZHAUGMUMEMO THOCKCOM €, Ma PO3NO-
dinenna p° € Rag C BV (Qr), v € Vg iu’ € L0, T; H(Q)) maxi, wo 6onu
sadosorvnarome ymosu (3.62)(3.63) i npu uyvomy (p2, 00, ul) = (p° 00, u0)

npu € — 0.

KirrogoBuM MOMeHTOM y TBepjixKeHHi 3.4.1 € npuiyiieHHs, 1o obpaHa I10-

: : . .
CJIJIOBHICTD ONTUMAJIBHIX PO3B’I3KiB ampokcnMariiinmx 3amad (3.41)—(3.46) e
obmezkenot0. [TokarkeMo, 1o 11 TPUITYIIEeHHsT MOYKHA OIIYCTUTH, AKIIO BUXIJIHA

3a/1a49a ONTUMAJIBLHOIO KEPYBAHHA € 3MICTOBHOIO, TOOTO = # ().

Teepaxenns 3.4.2. [Ipunycmumo, wo = # 0. Hexati {(p2, 02, ul) € Eg}€>0

€ NOCATII0BHICTNI0 ONMUMAGALHUT PO36 A3KI6 anpokcumayitnur 3aday (3.41)—

(3.46). Todi anatidemves cmana C > 0, wo ne sanrescums 6id € > 0, 1 maka,

'IMO
Sup 11221 BvQe) + 1021 2207 220)) + U2l z20 78 (0)] < C. (3.76)
g

Jlosedenna. Hexait (0,u) € = € JOBIIBHUM JOIMYCTUMEUM PO3B’SI3KOM BUX1THOT
3a1ad1 onTuMasbHOro KepyBauus (3.9)-(3.13). Toxi g mapa 3a10BoJIbHSIE yMO-
B (3.14)—(3.15). Hoknasmm p:= (1 + |[Va?)~! B Qr, 6aummo, 1o

0<plt,r)<1lwmec. B Qr 1 p€ BV(Qr)NL>®Qr),

a TaAKOK, 1110 1apa (), W) 33/ 10BOJIbHSE HEPIBHOCTSAM (3.48) P J0CTATHBO MAJTHX
e > 0. Orxe, p € Ryq 1 9K HACAIIOK, MaeMO: (p,V,U) € Z. NPHU JOCTATHBO

masmx € > (. Tomy,

inf  J.(p,v,u) = J.(p, 00, u?) < J. (p,7,0)

(p,v,u)€E,
1 [ . ) AT .
= — | |u(T) — uyg|” dzx + = \Vu|* ddt
2 Jo 2.)o Ja
10

2



T
+1/ /|@|2dxdt+/ IDpl = C < +oo.
2 0 w Qr

3 1bOro CIIBBIIHOIIEHHS Ta 3 O3HAUYEHHS MHOYKUHU R,q BUILINBAE, 1110

2 2
IVl 20,722y < XC’ 102117202200 < 50, (3.77)
/!ng} C, 1A2sve < 1Qrl +C, (3.78)
2
drdl < 3.79
| dedt< 0 319

JUtd Beix JoctarHbo Maymx € > 0. Toml zajgydaiodm eHepreTUdHy pPiBHICTD

(3.51), Batmmo, 1110

T
//[u dxdt < 2T/ /v dxdt—l—T/ugdx
0 Jo
<2T2//[v dxdt + = // dxdt+T/ugdx.
0 w Q

Takum anHOM,
C
SU.%) HUSHLQ(O,T;LQ(Q)) < STQ; + ZTHU/OH%Q(Q) (380)
e>

0

Tum camny nokasano, mo nociigosnicrs {(p2, 02, ul) € 2.} __ e obmesxe-

noto B BV (Qr) x L*(0,T; L*(w)) x L*(0,T; H()). O

HacTynHuM KPOKOM HalIOro aHaJjisy € noxkasaru, mo napa (v°, u®) e onru-
MaJIbHOIO JIJIsT BUXIJIHOT 3aJiadi ONTHMAJbHOTO KepyBaHHs (R) 3a yMOBH, II0
(p°, 0%, u®) e kimacTepHuM KopTezkeM s 0OPAHOT MOCTiIOBHOCTI ONTHMAILHIX
PO3B’S3KIB {(pg, 02, u?) € Ef}g>0‘ JL1s1 TTHOTO CKOPUCTAEMOCS JTETKUMEI PE3YJIh-
TaTaMi 3 HeJaBHIX myOsrikariit [26,45], e 3alpornoHoBaHO Tak 3BaHUil Helpsi-

MUt TJIXIT J10 TPOOJIeMU iICHYBaHHS ONTUMAJIBHIX PO3B SI3KIB.

Teopema 3.4.1. IIpunycmumo, wo = # 0. Hexati {(pg,vg,ug) € Eﬁ}s>0 €
NoOCAI0BHICTNI0 ONMUMAABHUT PO36 A3KIE O anpokcumayitinur 3aday (3.41)—
(3.46). Hezati (p¥,v°, u") € BV (Qr) x L*(0,T; L*(w)) x L*(0,T; HY(Q)) € w-

KAGCMEPHUM KOPMEHCEM (6 CEHCT 03HaUeHHA 3.4.2) 03HaueH0T NoCAId08HOCTN

103



po36’a3kie. Toodi

1
0,00 o= 0
€= t,x) = .C. 3.81
: : T 0,0 0y _ 70,0 0y _
ll_I)% (p,vl,il)fEEE Je(p,v,u) = ll_I)% Je(pe,v,u]) = J(v u) = (U%fez J(v,u).

(3.82)

Josedenna. 3a aHAJIOrIEIO 3 JOBEJIEHHSIM TBep/KeHH 3.4.2, MOXKHA ITOKa3aTH,
o icuye crasa C' > 0 taka, mo € Bipunvn orinku (3.77)—(3.80). Orxke, 10-

CJILJIOBHICTD {(pg, 02, u?) € EE} € KOMIIAKTHOIO BIJTHOCHO T-3012kHOCTI. Kpim

e>0
TOTO, 3 OISy Ha TBep/Kennd 3.4.1 Ta Teopemy Jlebera, MozKeMO MPUITYCTUTH,

110 3 TOYHICTIO JIO IIJIITOC/I1IOBHOCTI,

(02,00, ul) = (p°, 0%, ) i
1 1 ) (3.83)
cuibHO B L7 (Q1) pu € — 0,

_>
1+ Va2 11 Va2

po(t, ) — !
v 1+ |Vul(t, z)?

1
1+ |[Vul(t, z)|?

— p(t,x) — m.c. B Qr, (3.84)
i Ipu 1BOMY (pg - (1+ |Vu2\2)_1) € L>(Q).
Toxi 3 reopemu Vitaly (mqus. jiemy 1.2.1) orpumyemo

1

0 012\ 1 0
— (1 V — 0 - —
pE= (L IVeel) = 0" = T gap

cubio B L2 (9).

[Ipore, sik BummBae 3 ominku B (3.79), L2-rpanuns nociigosnocti dyHKiil

0 1 :
{ ps — W} ; JopiBHIOE HYTI0, OT)Ke
>

1

0
t = .C. )
PLe) = T e e @

Taknum amHOM,
0,0 .0y W 1 0,0
(IOE7U€7UE)_> TVUOP,U , U npu € — 0.

Bepyun 50 yBaru TBepjzKeHHs 3.4.1, baunmo, 1o (vo, uo) € JIOIyCTUMUM PO3-

B’s13K0M BEX1/1HOT 3a/1a41 (R ). OKpiM 1bOro, SIK TPSIMUil HAC/IIIOK BIaCTHBOCTEN

(3.83), MaeMo TaKy OI[HKY
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hmme(pE,vs, u) = /|u ) — ug|* dr + = / /|Vu02dxdt+

Y 02 1 0 .0
— dxdt D|——— || = ) .
+2/0 /Q|v\ T +/QT <1+|Vu0\2)| J(v°,u’). (3.85)

[Tpunycrumo, mo (v, u’) He € nacnpapi onTuManbHOO J1st 3ajadi (R).

Toni sHaiiierbes inma napa (v*, u*) € = Taka, 1m0
J(* u*) < J(@°, u’) < +o0. (3.86)

Bisbmemo p* = (1 + \Vu*|2)_1. Toni 3 ymoBu (v*,u*) € = Bunusae, 10O KOp-
Texk (p*, v*, u*) € MomycTUMI PO3B’SI3KOM JIJIsT KOZKHOI allpOKCHMAIliiiHOT 3a1adi
(R.), TobTo

(p",v"u") e 2., Vee(0,1). (3.87)

Bepyun 510 yBaru neit pakT, oTpuMyeMo

/|u ) —ugl*dr + = / /|Vu02dxdt+
+—/ /|v0\2dxdt+/ p(—L
2 /o Ja . 14 |Vud|?
(3.85)

< hmlan (P2, 02, u?) =liminf inf  J.(p,v,u) < lin% J-(p*, v, ut)

e=0  (pou)eE.

/|u ) —ugltdr 4+ = / /|Vu 2 dedt+
+—/ /|v*\2dxdt+/ p(—L
2 /o . 1+|Vu*\2

2
dxdt = J(v*,u").

1+ \Vu 2
Taxum unnom, J(v¥ u?) < J (v u*) 1 MU IIPUXOINMO JI0 CYIEPEYHOCTI 3 MpH-
nymennsM (3.86). Orzke rpannuna napa (v¥,u’) € onrumasbHO0O 115t BIXiHOT

3ajiadi kepyBanus (R). O

BucuoBku /10 pozmaiay 3

Jlanuit po3ia mpucBaIeHo 3a,/1a9i ONTHMAJILHOTO KePYBaHHs /15l €BOJIIOMIIHOTO

piBastHHS [lepona-Madjiika 3 kpaitoBumu ymoBamu Heiimana Ha MexKi o0J1acTi,
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sike HaOyBa€e BUIVISLY HEJIHIHHOIO mapadoJIivyHOro PiBHAHHS 3 HEMOHOTOHHUM

Ta HEKOCPUOUTHUBHUM AMBEPIréHTHUM 4YJIECHOM. OcHoBHIMHI pe3y/ibTaTaMu IIbOI'O

pO3LIY €:

1. BampornonoBaHo 3araJbHMN IIJIXIJT J0 alpoKCUMallil Takol 3a/adi OITH-
MaJIbHOI'O KEPYyBaHHS IIapaMeTPU30BAHUUME 38 /1adaMi 3 (DIKTUBHUME Ke-

pyBaHHAMHU B KOoeilieHTaX rOJIOBHOTO €TIITUTIHOTO OllepaTopa.

2. Tlokazano, 1Mo KoXKHa 3 allpOKCUMAaIIITHUX 3a/1ad € KOPEKTHO TOCTaBJIe-
HOIO, Ma€ HEIOPOXKHIO MHOYKHUHY PO3B’SI3KiB, a Oy/Ib-sIKa IIOC/IiI0BHICTb,
10 YTBOPEHA TAKMUMU PO3B’sI3KAMU, € KOMIIAKTHOIO Y CIIelia ibHili TOIIO0-

JIOT'1T.

3. 3aJiydaroun HelmpsaMuil miJixijn, OTpIMAHO JIOCTaTHI YMOBU PO3B’I3aHHOCTI
BUXIJIHOT 38489l ONTUMAJILHOIO KepyBaHHA. A came MOKa3aHo, M0 Oy/Ib-
sIKa KJIacTepHa TOYKA IIOCJIOBHOCTI ONTUMAJILHUX PO3B’SI3KIB allpOKCH-

MallliftHUX 3a/1a4 € ONTUMAaJIbHOIO 11apolo JIIsl BUXIJIHOI 3a/1a4i.
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PO3/ILIT 4

3a/1a4a onTUMaJibHOTO L'-KepyBaHHS AJjid BiJHOBJICHHS

3allyMJIEHIX 300parkeHb

B nanoMy pos/iijii TporoHy€eThCst HOBe (pOPMYJTIOBaHHS 3a/1a4l BiJIHOBJICHHS 30-
OpazkeHb, sIKi CIIOTBOPEH] & IINTUBHUM IITYMOM, Y BUTJISI/I 3a/1a91 ONTHIMAJTHLHOTO
KepyBaHHs JIJIsi KBa3LIIHIHHOrO napabo/iTHOrO PIBHSIHHS 3 HEJIOKAJIbHUM plu]-
JaIIaciaHoM Ta KepyBaHHSAM 3 Kiacy L. XapaKTepHoIo 0COOIMBICTIO 3aIpoIIo-
HOBAHOI TIOCTAHOBKY € Te, 110 3MIHHUI MOPsIOK HesiniitnocTi p(t, ) 1 TeH3op
arizoTporHoi qudysii D(t, ) B JUBEPreHTHOMY orepaTopi nmapaboiaHOro pis-
HAHHS He € 3a3/aJeri[b YITKO BU3HAUeHUMU, & HATOMICTb 111 XapaKTepUCTUKU
HEJIOKAJILHO 3aJIe’KaTh BiJl PO3B’SI3KY MOYATKOBO-KPaoOBOI 3a/1a4i JIjid O3Have-
HOTO napabostiaHoro piBHstHHS, TOOTO Py = p(t, x,u) i Dy = D(t, x,u). OcHoBHi
pe3yJIbTaTH JTAHOTO PO3JILTY OIyb/IiKoBaHO B poboTax |5,6] Ta aHOHCOBAHO B Ma-

Tepiasiax KoHdepentiii [8].

4.1. Bcryn ta npakKTu4Ha MOTHUBAIliA

OcHoBHOIO MeTOIO0 B 3ajladax 00e3lIyMJIeHHd I POBUX 300parkeHb € BiJATBO-
peHHsI OpuriHaJbHOro 300paxkenust u : ) — R 3a iforo 3amymyieHnM odpasom
f:Q — R. OckisbKkn 1IyM, KOHTYPHICTH Ta TEKCTypPa € BUCOKOYACTOTHIMHU
KOMIIOHEHTaM1, TO 3a3BUYail TX BaXKKO PO3PIZHUTH B IIPOIEC ITyMOTIO/IaB/IeH-
Hsl, 1, TK HACJIJIOK, 3aIyMJIeH] 300pazkeHHsT MOYKYTh HEMUHYYe BTPATUTH JIesIK]
neraqi. g npobsiema crae HabaraTo CKJaIHIIIONW, sIKIIO BUXiJHE 300parKeHH
3a0py/IHEHE IMITYJIbCHUM IIYMOM. 3BasKaloun Ha Iie, B I[bOMY PO3JIijii OyieMo B
OCHOBHOMY 30CEpEJIXKYBATUCSA Ha THX I1/IX0/1aX, Je IPodJIeMy HIyMO3arIyIileH-
Hs MOYKHa chpopMysrioBaTi y (popMi JIeAKOl 3a/1a4l ONTUMAJIHLHOTO KEPYBaHHS 31
CHeIiaJbHIM KJIaCOM KepyBaHb, [0 MOJIETIOE TPUCYTHICTD AK O1JI0r0 TaycoBOIO
QJIUTUBHOIO IIYMY 73, TaK 1 IIYMY ¥ 13 CUJIbHOIO IMIIYJIbCHOIO IIPUPO/IOIO, SIKY
mogiesib layca He omucye (nuB., Hampukia, |2,13,65]). V 1mpoMy BHIIAIKY 3a-

HIyMJIeHE 300pazkKeHHsT MOYKHA IIPEJICTaBUTH Y BUIJIsAl [ = u+v+n, i muTanHs
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IOJISITAE B TOMY, SK BIJIOKPEMHUTH CIIPaBXKHE 300parKeHHs 4, YCYHYBIIN Bij f
rayClBCbKUIi IIIyM 70 Ta IMIIYJIbCHY CKJIQJIOBY V.

3 MeTOIO BIJTHOBJICHHS OPHUTIHAJBLHOIO 300pazkKeHHs 1 OyJeMO MPUITYCKATH,
10 00M/[Ba, TUIIN IIYMiB MOYKYTh BUHUKATHU OJHOYACHO 1 HE3AJIEXKHO OJIUH BiI
OJIHOTO Yy Bciit obJiacTi. B pe3ysibTaTi MPONOHYETHCS NMIyKATU OpUTiHAJIbHE 30-

6pa}K€HHH AK pOSB,HSOK HaCTy’HHO.l. 3a;gaqi OIITUMAaJILHOI'O KEPYBaHHA

o 1
(R) Miunimisysaru J(v,u) = HUH%Q@I;D(Q)) + §/Q|U(T) — fol?dz  (4.1)

3a HasBHOCTI TAKUX OOMErKeHb

2—7: — div <\Du(t, 2)VulP« 2D (¢, x)Vu) =k(f—u—v) (19)
B Qr:=(0,T) x Q,

Oyu=0 mna (0,7) x oS, (4.3)

u(0,-) = fo(-) B (4.4)

ve(z) <ov(t,x) < wvp(x), ™mc.B Qp. (4.5)

Tyr Q C R? ¢ 06MeKeHOI0 BiIKPHTOI0 MHOMKIHOIO 3 JOCTATHO PErYJISPHOIO
mexketo OQ, T > 0 ta k € R — zajani snauennst, f € L*(Q) e puxiannm
samTyMyIeHnM 300pakenHaM, fo € L2(£) momepeanbo omuinene 306parKeHHs
yepes 3aJlyueHHs CTAHJIapPTHOro MeliaHHOro dinbTpy 1o f, ve,v, € L2(9),

va(x) < wp() M.c. B Q, — 3ayaHi po3HOIiIEeHHS,

T 2
T / ( / |v|das) da (46)

nopma B nipocropi L2(0,T; LY(Q)), D, = D(t,x,u) — MaTpuug aHi3oTpONHOI
mdysil, a 3MiHHIIT TOPSIIOK (€KCIOHeHTa) Py, : Qr — R o3HaveHmit 3a npasu-
JIOM
1 t
pu(t,x) :=1+yg <E/ (VG, xu(T,+)) (z)] dT) , V(t,x) € Qp, (4.7)
t—h
ne
a’(1—9)
a?+s?
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Go(r) = —— exp (—@) R (4.9)

(Go xult,-)) () = . Go(x —y)ult,y) dy, (4.10)

gepe3 U MO3HAYEHO IMOJOBXKEHHS (PYHIINT ¢ HYJIbOBUMEI 3HAYEHHSIME 11032 MHO-
sunoto Qp 1o yeworo npoctopy R x R?, i macamkinen h > 0Ta 0 < 6 < 1 €
3aJIAaHIMU MaJIuMu jgojaTHiMu BesimanaaMu. [1o crocyeTbes napamerpis 0 > 0
1 a > 0, To BOHU JIIOTh K PEryJIsdpU3yIoUl Ta 3IVIaJI2KYI04l BeJIUY.

deno, mo g koxkuoi dyuknii u € L2(0,T; W1(Q)), sukonyernest BKiio-
aenns py(t,x) € [p~,pt] C (1,2] maitke ckpizb B Qr 3 p~ =146 Ta pt = 2.

HocipKenns 3aj1a4 ONTUMAJIBLHOTO KepyBaHHs JIJIsi PIBHSHB B YaCTHHHIX
MOX1THUX 31 3MIHHUM TOP$IKOM HEJIIHIHOCTI MOTUBYEThHCS PIZBHOMAHITHUMU 3a-
CTOCYBaHHSIMU B 3aJladax 00OPOOKH 300parKeHb, Jieé YaCTUHHI BHUIIAJIKH 3a/a-
qi (4.1)—(4.5) BuHHKaOTH TpUpOIHEM dnHOM |2, 3, 14, 22|. 30kpema, B poOO-
i [4], aBTOpPH pO3IUIAIAIOTE OKpeMuil Buma ok Mojei (4.1)—(4.5) i mokasymoTs,
10 38 JIaHnil KJ1ac 3a/a4 ONTUMAaJIbHOINO KEPYyBaHHs Ma€ HEIOPOKHIO MHOYKUHY
PO3B’SI3KIB.

VIIPOJOBK OCTaHHIX POKIB OYJI0 3alIPOIIOHOBAHO 0AraTo Pi3HUX IIAXOMIIB Ta
MoJIeJIelt 171 pEKOHCTPYKIIT U POBUX 300pazKeHb, sIKi IMOMKOJIXKEH] /[T THB-
HUM IIyMOM. 30KpeMa, B [37| OyJia 3alpolioHOBaHa HACTYIIHA MO/Ie/Ih HeIHIfTHOT
ribpuaHol audysii, mo € ciM6i3oM Jaudysil 3 omepaTopoM cepeHbOl KPUBUHI

Ta audysil Tenna 3a Mojaetio [ayca

ou ) Vu
5 = div <(|Vu|2 N 1)(2p(Vu2))/2> , B (0,T) x Q, (4.11)
u(0,2) = f, BQ, (4.12)
% =0, ma (0,7) x 01, (4.13)
B AKIi
1
Nl —— 4.14

f € Buxinaum 300parkennsim, k > 0 ta T > 0 3ajanumu cragumu, 2 € oOMe-

YKEHOIO BiJIKDHTOIO ITiIMHOXKIHOIO R? 3 JI0CTATHO PETYIISApPHOI0 MEXKEIO, a U €
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30BHIINHBOIO OJMHIUIHOIO HOPMAJLIIO JI0 Mexki Of).

Bazk/mBoio XapaKTepUCTUKOIO IIi€l MoJiesIi € Toil (haKT, 1110 BOHA Ma€ Iidbpu-
JnHi T qudysii, sKuit moeanye qudysiio cepeHbol KpUBHHH 3 Iy 3i€io Te-
718 TAKIM 9ITHOM, IO BCEPEIMHI THX 00JIacTeil, Jie TPaJeHT U JOCUTH MAaJIni,
HOBa MOJIeJIb JII€ sK PIBHSAHHS TeILIONEPEHOCY Ta IPU3BOJAUTH JIO 130TPOITHO-
ro 3TJIaJKyBaHHs, TOJI SK MMOOIM3Y KOHTYPIB 00JIACTi, Jie BeJUYrHa T'Pali€H-
Ta BeJINKA, I MOJIeJIb JIi€ 1K DIBHSIHHSI CepejiHbol KpuBHHI. Xoua aBropu [37]
CTBEP/IZKYIOTh, 110 11 MOJIEJIb y3araJbHIOE BIJIOMI Ha CHOTOJIHIIITHIN JeHb MOJIe
(3oxpema, moziesb [lepona-Madtika |71] Ta mogei 3 p(x)-oneparopom Jlamiaca,
SIKI 3aIPOIIOHOBAHO B [22|), HacrpaB/i 1€ JajeKko He Tak, OCKIJIbKN YKOHA 3i
3rajlaHnuX Mojiesieli He MozKe Oy T OTprMaHa sik okpemuii Buna oK (4.11)—(4.13).

Bapro 3ayBaxkuTu, 1m0 depe3 3MIHHUI XapaKTep MOKA3HUKA P MAEMO TTEBHY
HEY3TO/IZKEHICTh MizK YMOBAMI MOHOTOHHOCTI Ta KOepIUTHUBHOCTI. Hepes 1e 3a-
nady (4.1)—(4.4) MoKHA BU3HAYNTH sIK 3a/a9y ONTHMAJbHOIO KepyBaHHS /s
KBa3LIIHIHHIX 11apaboidHUX PIBHAHB 13 HECTaHIapTHUMU yMOBaMU 3POCTaH-
He, 1 11 MOYKHA XapaKTepU3yBaTh sIK y3araJbHEHHsT eBOJIIONINHOT Bepcil p(t, )-
piBasgang Jlamnaca

ou

—— p(t,l‘)—z
o = div (|vu\ w) (4.15)

110 3aJIeKUTD Jiwiie Bijt ¢ Ta x. PiBastans (4.15) iHTeHCHBHO BUBUYAJIOCSA HAraTh-
Ma aBTOpaMH 1 icHye OoOIIMpHA JIiTepaTypH, sKa MPUCBIUYCHA 1IbOMY PIBHAHHIO.
Mu obmekuMOcs TTOCHIAHHSIM Jinille Ha Taki jpkepena (8,9, 17,70, 74, 83|, ne
JIAE€ThCs JIOCTATHBO MMOBHUI ONJIsJ] OCTAHHIX Pe3YJIbTATIB B T€OPIl €BOJIOIIIHUX
piBHsHB 3 p(t, z)-Jlamiac omeparopam.

OpiHaK, HaCKIJIbKM HaM BiJIOMO, HaBeJI€HI BUIIE PE3YJIbTaTH 00 PO3B’d3-
HOCTI napaboiuHuX piBHAHL TUly (4.2) B OCHOBHOMY CTOCYIOTHCSI DiBHSIHB
31 3MIHHUM ITOKA3HUKOM, IO 3aJI€XKUTh Jiuiie Bifg (t, ), Toai K M0IaATKOBO-
Kpaitosiit 3a1a4i (4.2) 3 marpunero anizorporntocti Dy (, x) 1 MOKA3HUKOM He-
JiHiftHOCT Py (, ), KWt BU3HAYEHO 3a mpaBuyioM (4.7), 6y/10 He MPUILIEHO J10-
cTaTHbOI yBaru. KpiMm Toro, Ha BiAMiHY BiJl O1JIbIIOCTI ICHYIOUUX PE3Y/IbTaTiB, y

Iift 33,1441 M1 He BUBHAYAEMO €KCITOHEHTY p anpiopi. HaTomicTh M1 11OB’s13y€MO
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II0 XapaKTEePHUCTHKY 3 OKpeMuM pintenaam 3ajadi (4.2)—(4.5). Omxke, na 1o-
BEJIIHKY TOKa3HWKa p 1 TeHzopa [) MOXKYTb BILINBATU 3HAYEHHT HEBIIOMOTO
pPO3B’sA3Ky u. TakoXK BapTo MiJIKPECIUTH, IO 3aJeXKHICTb p, 1 D, BiJ u He €
JIOKAJTLHOTO, TO/L SIK TIe € KJIIOYOBUM MPUITYTIEHHAM y OLIBIIOCTI ICHYIOUNX ITy-
onikariit (nuB., Hanpukaa, [11]). Hacopasai Bei ciabki po3s’si3ku i€l 3a1adi
HaJIe2KaTh BIAOBIIHOMY 'TlepCcOHAJILHOMY (PYHKIIOHATLHOMY ITPOCTOPY, 1, 3Ba-
JKAIOUN Ha BUAMOBLIHI npuiyents mojo crpykrypu Dy (t, x) 1 p,(t, ), 3a1a4a
(4.2)-(4.5) Moxke jomycKaTh CaabKi pilieHHsi, SKi MOXKYTb He MATH CTAHIAp-
THHUX BJIACTUBOCTEN, SIKi BJIACTUBI pO3B’d3KaM 1apabo/IiuHIX PiBHIHB. 30KpEMa,
HEBIJIOMO, Y1 € CJIaOKMil PO3B’I30K €JIMHUM 1 YU 3aJI0BOJIbHSIE BIH CTaHIAPTHY
€HEePreTUYHY PIBHICTD.

HesBazkaroun Ha Te, 10 B j1iTepaTypi 0y/10 3alIpOIMOHOBAHO Pl PI3HOMAHIT-
HUX IIXOMIB 70 Pery/spusalil 3ajadi onTUMaJIbHOIO KepyBaHHSI, siKa I10B’si-
3aHa 3 BUPOJZKEHUMI eJIIITHIHIMI PIBHAHHSIMNI (JIUB., Hanpukia, [53,54,73|),
IUTAHHS 1TPO PO3B’SI3aHHICTDH 3aIIPOIIOHOBAHOI 3a/1a4l ONTUMAJIBLHOIO KEePYBAHHS
3aJIMIIAETHCA BIIKPUTOIO TTPOOJIEMOIO HA CHOT'OJTHI.

3 orjisgijly Ha Ile, OCHOBHOIO METOIO JAHOTO PO3/ILIy € BUBYEHHs IPoOJIeM
PO3B’sI3aHHOCTI 7151 33/1a41 onTuMabHoro Kepysamns (4.1)—(4.5). 3okpema, TyT
MOKHa IJIKPECTUTH KiJTbKa XapaKTepHIX 0COOIMBOCTEll 3aIpOoOHOBAHOI MO-
sesti. Ilepira nosigrae B ToMy, 1O TE€H30P aHi30TpoIil [ 1 MOKA3HUK CTEIeHs P
3aJ/ieskaTh He TLIbKU Bij (¢, ), a it Big u(t, ). Ipyra ocobmuBicTh mnojsrae B
TOMY, 110 33Jlaua OITUMaIbHOro KepybaHHs dopmymoerbest 3 L(Q; L*(0,T))
KepyBaHHIMHI Pa30M 3 JIOJIATKOBUMHE ITOTOYKOBIUME 0OMezKeHHsIMU. B pesysbra-
Ti olITUMaJIbHE KepyBaHHs MOYKEe MaTH IIPOCTOPOBY PO3PIAKEHICTh, TOOTO HOT0
HOCIIT € TIOCTITHUM y 4acl, TOJl K KePyBaHHS ¥ MOXKe JOPIBHIOBATU TOTOXKHOMY
HYJIIO Ha, JIedKuX JiIssHKax obsacti €).

Yce 11e TPUBOJUTE JI0 HACTYIIHOTO BUCHOBKY: 3aja4da ONTUMAJLHOTO Kepy-
Banng (4.1)-(4.5) € mocuThb CKIaIHOIO, 1 THTAHHS 100 i1 PO3B’sd3aHHOCTI Ta,
3MICTOBHOCTI € BiAKpuTuMu. PaKTUIHO, Y HACTYITHUX MTaparpadax Oyje rmoka-
3aHO, 110 Yepe3 3MIHHUIT XapakKTep MoKa3HUKa p 1 foro 3ajiekHicTb Bijg t 1 x

MH MOZKEMO BTPATHTHU HenepepBHicTh Bijobpazkenns t — |lu(t, )| r2q). Orxe,
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dbyukmionas Baprocti (4.1), B 3araabHOMY BHITQJIKY, HE € 4iTKO BU3HAUYEHNM, i,
SIK HACJIJIOK, MU He MOYKEMO CTBEpJIKYBaTH, 110 3a1ada kepyBants (4.1)—(4.5)
€ PO3B’s3aHHOI0. B 3B’SI3Ky 3 UM MOCTAHOBKA BUXIJHOI 3aJ1a9i ONTUMAIbHOIO

KepyBaHHsI I0TPeOy€e MeBHOI pesiakcariil.
4.2. Ilomepenui pe3yibTaTn

Hexait ) C R? — obMmerkeHa 3B’3Ha BIAKpUTA MHOXKIHA 3 JOCTATHBO IVIAJIKOIO
mexkero 0F), a T' > 0 — 3ajaHe 3Ha4deHHs . [IpumycTMo, 110 30BHINIHS OMHITIHA
HOpMaJib v = v(x) 10 Mexki J§) € BU3HAYEHOO JIJIst Maidizke BCiX ToUoK x € Of)
BigHocHo 1-umipnoi mipn Xaycaopda HE. TToknagemo Qr = (0,7) x Q. ns
Oyyib-sikol BuMipHOl migvuokuHEH D C Q moznadnMo depes |D| i1 2-Bumipry
mipy Jlebera L£2(D). Tlosnaunmo 3aMUKaHHA 1€l MHOKEHI AK D, a i MexKy
gepe3 0D.

Jlnsa sekropis € € R? tan € R? uepes (£,7) = £ nosnauumo crangapTHuii
ckasisipHuii j106yToK v R?) ne ! oznauae oneparop Tpancronysanns. Yepes [€]
O3HAMMMO eBKJIi10By HOpMmy BekTopa & € R?) TobTo |€] = /(& €). Bamyunmo

TaKOXK Take nosHadenns diam 2 = sup, ,cq |z — y|.
4.2.1. 3MiHHA €KCIIOHEHTa

Hexait u € L1(0,T; L*(2))NL>(0, T; L*(2)) € 3aanoto0 dbynkiieto. [To’szkemo
3 u : Qr — R dbysxiio (mam ekcrionenty) p, @ Qr — R, gy o3nadnmo 3a
npaBuiiom (4.7).

Ockinbku G, € C®(R?), 10 3 (4.7) Ta 3 abCOTIOTHOI HENEPEPBHOCT iHTe-
rpaJia JleGera summsae, mo 1 < p,(t,7) < 2 B Qr i p, € CL([0,T]; C=(R?)),
HABITh SKIIO % € IPOCTO abCOJIIOTHO iHTerpoBaHo dyHKIie B Qr . Kpim
toro, jijist KoxkHoro ¢ € [0, T, p,(t,z) &~ 1 B Tux Toukax obsacri €2, jne PyHK-
mist u(t,-) Brpadae HemepepBHICTD, 1 p,(t,z) ~ 2 Tam e u(t, x) € raagkow. 3
OIJISATY Ha 1€ eKCIIOHEHTY Dy (t, &) MOXKHA IHTEpIPETYBATH K XapaKTEePUCTUKY

TeKCcTypu DYHKILT U.
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Hactynnunii pe3ysibrar BiJlirpae BayKJIMBY POJIb Y MOJAJIBIIIOMY aHaJsIi31

Jlema 4.2.1. Hexati {uy}, oy C L'(0,T; LY(Q))NL>(0,T; L*(2)) € nocaidos-
HICTI0 BUMIPHUT PYHKULT, 6 AKIT KOHCEH CAEMENM BBANCAEMBCA N0J0BIHCE-

HUM HYAEM N03a MedHct obaacmi Qr 1 npu ybomy
sup ||ug ||z 0,7:12(02)) < 400,

keN (4.16)
up — u caabko 6 L0, T; LY(Q)) dan desrozo u € LY(0,T; LYH(Q)).

oo (1 i)}

€ 610n06101010 NOCcAI0068HICTIO 3MIHHUTL excnonenm. Todi 3natidemves cmana

Hexati

C' > 0 ma seaununa § € (0,1), wo 3arescamo auwe 6id Q, G, g,
SUPgen ||kl ze(0,22(0)): @ SUPren |l L1(0.7:01(0)) mari, wo

p =1+6<p,(t,x)<p =2, V()€ Qp, Vk €N, (4.17)
' a(t,2) — a5, )] < C 2 — gl + [~ s]) )
{pu,(-)} €6 =4 qeC™(Qr) V(t,z),(s,y) € Qr, >

\ 1<p <q(-,) <p' 6 Qr. )

(4.18)

Pu = Pu=1+g (% /:h (VG +a(r,-) ()] dT)

-h (4.19)
piBHOMIPHO 8 Qr npu k — 0.

Jlosederma. Ockinbkn nocioaicTs {ug }, oy € 0oMeskenoto B L'(0, T L1(Q))

a siapo dinbrpa layca G, € rinako QyHKINE, TO

2/ | (6, wulr e i < & / ( / \vag<x—y>\\ak<f,y>\dy) ir

—h
1
< Goller@my 3, luellrorr ),

2>puk<t,x>=1+g(/
t

—h

t
(VG % () (2) df)
>1+yg (I\Gallmm_m% SUDjen HukHLl(o,T;le))) ,
\ (t, :C) € Qr,
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Jie TI03HaYEeHO

|Gollengmny = max [1Go(2)| + VG (2)]| =

e ! 1 .
= —— |1+ 5diam Q| . (4.20)
( 27T0) g

Toni 3 Li-o6mexxenocti nocigosnocti {uy } reN BUIUIIBAE ICHYBaHHA JI0QTHHOL
peanan 0 € (0, 1) Taxol, mo py, (t,z) > 1 4 0. Tum camnm mokaszano, 1o

ominka (4.17) cupaBkyerbes s Beix k € N.

Bisbiie Toro, sk summBae 3 (4.8) Ta criBBigHoNIeHb

‘puk (ta [l?) = Duy, (t7 y)’
t

| (VG sty @) dr = [ (V6 utr ) W] dr

—h t—h

<,

T
<C, [ 16, < Tu(r. ) () ~ (V6o +Talr, ) ()] dr
0
T
< C’g/ / (u(T, 2)|dz dr max |VG,(z — z) — VG, (y — 2)|
0 QO z€Q
= Cymmax IVGy(x — 2) — VG, (y — 2)|, Va,yeQ, (4.21)
ze

ae vy = sup ||[ugl| 210701 (), & Takox i3 rnaaxocti dynknii VG, (+), icnye no-
keN
narha craia Cg > 0, ska He 3a/1esKuTh Bijt k 1 Taka, 110 st koxkaoro t € [0, T,

clipaBej/INBa OIIHKA
Puc(t,7) = pu(t.9)] S NCyColr —yl, Va,y €.
Sasydatoun oo MipKyBaHHsI, M OaIIMO, 110

|puk (t7 y) T puk (37 y)’

t s
<Gy / h\(VGa*ﬂk(Ta ) ()] dT—/ hl(VGo—*ﬂk(Tw))(y)\ dr
t— 5—
t t—h
<Gy / (VGo x (7, -)) (y)] dT—/ ) (VGo x (7, -)) (y)| dr
< 2’)/1”}/QCQHGUHC1(m)|t — S’, Vt, S € [O,T], (422)

Jie Yo = SuPgen ||tk |l o (0,1:02(02))-
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B pesysbrari, 6epyun j10 yBaru orinku (4.21)—(4.22) ta nosHadaodn

C=Cm (1 + 272]|G0\101(Q_Q)) , (4.23)

OTPUMYEMO

Py (t, ) — Do (5, 9)| < |puy(t, ) — pu, (8, )| + [P (B, ) — Puy (5, )|
<Cllz —yl+ [t —s]],

Y (t,z), (s,y) € Qr = [0,T] x Q. (4.24)

Taxum uunom, {py, } C &. Ockinbku max, .\cqr [Pu, (8, 7)| < p* 1 xozen ene-
MEHT HOCIA0BHOCT] {Py, }reny Ma€ OJHAKOBHII MOJLYJIb HELEPEPBHOCT, TO I
IIOCJIIOBHICTL € PIBHOMIpHO 0OMexKeHOI0 Ta HerepepBHOio. OTxKe, 3a Teope-
moro Arzela—Ascoli mocainoBricTs {py, }cny € KOMIAKTHOIO BiJIHOCHO CHJIBHOL
tonosiorii ipocropy C(Qr). Bepyun mo ysarn omniaky (4.24) ta Toii daxr, 1o
MHOXKIHa & € 3aMKHEHOIO BiJTHOCHO PIBHOMIPHOI 301KHOCTI TaKOYXK

1 t 1 t

— (VG * ug(T,-)) ()] dr — — (VGy xu(T,)) (z)] dr

h J, h J_

t—h t—h
npu k — 00, V(t,z) € Qr

3a osHaueHHsM ciabkoi 36ixknocti B LY(0,T; LY(2)), orpumyemo: p,, — pu

piBHOMipHO B Q7 11pu k — 00, J1e

pult,z) =1+g (% /tth (VG +(r,-) ()] dT)

B QT- []

4.2.2. Tenzop aHizoTrpoIrrHol Andy3ii
Hexaii §? e mmoxuHO0 Beix cnmerpuannx Marpuns A = [a7 ), (a; =
aj; € R). Hayginumo MHOXKIHY S? eBKIIiOBIM CKaJIApHUM J100yTKOM A - B =
tr(AB) = Zij:l ai;b;; Ta BimnosimHOIO eBKIi0BOIO HOpMOIO |[Allse = (A -
A)1/?2 = /tr(A?). Beegemo Takox cuektpasbiy Hopmy ||A|ls = sup {|A¢| :
¢ €R? upn || = 1} ana marpunp A € S% B upoMy BHIAAKY MAaeMo Take
crisiznomenns ||Alls < ||Alls2 < V2| All2 aas Beix A € S2
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Hexait u € L1(0,T; L*(2)) N L>°(0,T; L*(2)) € nosinbhoto dyukiieto. By-
JIEMO BBazKaTH, IO It PYHKIIisI [10/I0BYKEHa HyJIeM 1103a MHOXKIHOI0 Q7. Hexaii
Uy (t, ) € pesyabraToM 11 3rOPTKU 3 2-BUMIDHUM s1IpOM [ 'ayca Ta BiIXIIeHHAM
o >0 (mus. (4.9)—(4.10)).

Buxoigau roJIOBHUM YMHOM 3 TTPAKTUYHIX 3aCTOCYBaHb JI0 IIPo0JIeM 00pob-
K 300pazkenb (33,62, BusHadaemo cTpyKTypHuit Tensop J,(u,), mo € acori-

ftoanuii 3 dpyuxiico u : Qr — R, HACTYIHUM YNMHOM

1 [ 1 [
—/ G,x(Vu, ® Vu,) dr = —/ Gox(Vu, (Vu,)') dr, (4.25)
t—h t-h

JP(UU) = h h

e depe3 (G, IO3HAUEHO IayCoBe s1pO 3TOPTKHU, Ta
Vu,(t,z) = (VGy xu(t,-)) (z).

Jir Ji2
Jlerko 6aunTn, mo cnMerpudHa Marpung J,(us) = |7 7

Ji2 J22
obmezkenoro B ). liiicno, mis nosinbHOrO € € R? MaeMo

ty B P
£J, /th/ (x —y)|Vue(T, )\ €|* dxdT

26_1h 1
<3 rpQ\ | / () sy 471Gl ey T

2¢~ ! 9 9
QHUHLOO 0,7:L1( ))HGaHCl (QIe) QlIE1°, Y(t, ) € Qr,
( /_,0) ( )

] € JI0JIATHOIO Ta,

(4.26)
t
gtjp(ug)f = %/t_h/QGp(x —y) (Vu, (T, y),ﬁ)f&g dydr >0, V(t,z) € Qr.
(4.27)

BpaxoBytoun meit ¢akT, o3HaUMMO ocj1abIeHy BEpCito Jjisi TeH30pa aHi30-
tporHoi judy3il D, (t, x) 1 BusHaImMo 11 HACTYITHUM YHHOM (JIIsT TOPIBHSIHHSI
nocuiaeMocst Ha [2;3])

Dy(t,z) == ~vI + J,(uy), (4.28)

ne 0 < v < 1 e maium napamerpoum, a I € (R% R?) e oqunudnon MaTpueo.
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Toni 3 (4.26)—(4.27) Ta (4.28) Bumiusae, 1Mo Ui JOBLIbHOT DYHKINT © €
C([0,T]; L*(£2)) mae micie jgBocTOPOHHSE OliHKA,

Bl < E Dt x))? € < d3lE)?, VEER? VY(tz) e Qr. (4.29)

B AKI

2¢~1
di =7, dy=di+ —2HU||%O<>(0,T;L1(Q))|Q|HGaH?ﬂ(m)-

(V2mp)

st moasibInol 3pyaHoCTi Oy1eMo BBaxKaTu, 1o dy > 1.

Topi 3a anasioriero 3 jieMoio 4.2.1, MOYKHA BCTAHOBUTU TAKUil Pe3y/IbTaT.

Jlema 4.2.2. Hexati {uy}; o, u C L'(0,T; LY(Q))NL>(0,T; L*(Q)) € sumip-
HUMU A NOJOBHCEHUMU HYAEM NO3A MHONMCUHOI Qr dyHKkuLaMuU, AKE 30400-
soavraromo ymosu (4.16). Hexat { D, (t,2)},cy € 6i0n0sidnon cyxynricmio

amizomponnux mendopie dugysii. Tooi

BIEP <D, (t )P e <d3EP, V(tx)eQr, VEER?, VEkeN,

(4.30)
D, (t,r) — D,(t, ) pisnomipno 6 Qr npu k — oo, (4.31)
{D,.} C 9D, (4.32)

de
d, = do = dy + 2 H H2 HG H2 ‘&2‘
— ’}/7 , e —Sup u 0o .T1 g 1 _ )
1 2 1 (\/%p)g s kL (0,7;LY(Q2)) CHQ-0)

1A(s, 2) = At y)ll2 < C(le =yl + [t = s]),

@ — A c 00,1 ;R2X2 L
(QT ) \V/(tax)a (S7y) S QT'

4.2.3. IIpocTopu Opimua

Hexait w € LY(0,7T; LY(Q)) N L>°(0,T; L*(2)) e noBinbHow dyHKILED i He-
xait p, : Qr — R € BiAIOBBIHOIO 3MIHHOIO €KCIIOHEHTOIO, sIKa O3HadeHa 34
npasuiom (4.7). Toxi

1<p <pult,z) <p" <oo Mc. B Qr (4.33)
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(nus. jiemy 4.2.1), sie crasi p~ ta pT BusHaueni sk B (4.17). Hexait p! (¢, z) =

_Put2) o B OB IHO s
et TIIOBI CIIPSIZKEHOIO €KCIIOHEeHTOI0. SIcHO, 110
p* P P
2 = <pl,(tx) < = — Mm.c. B Qr, (4.34)
pt—1 p~—1 )
—— ~——
(p*) (=)

ne depes (pt) ra (p~) mosHauEHO CHPsIYKEH]! BEJIMUUHU JIO CTAJUX €KCIIOHEHT.
[Toznauumo 4gepes Lp“’(')(QT) MHOXKHHY BCiX BuMipHux Gysxiii f : Qr — R

TaKUX, II10

Pou(ta)(f) = / £ (t, )P dadt < oo. (4.35)

Haimmsim o MHOXKIHY HOpMOIO JI1okceMOypra

HfHLPw(A)(QT):inf{)\>O ;/ ]A‘lf(t,x)\pw(t’x)dxdtg1}. (4.36)

T

MOYKHa TI0KazaTH, 1mo npocrip LP»O)(Qr) crae 6anaxosum (ferani mus. B [23,
31]). Hacupasai LP»0)(Qr) € nesnoio crerudikarnieo npocropy Musielak-Or-
licz’a, siknit B cBOIO 4epry € ysarajbHeHHsIM HpocTopy .Jlebera, ockijabku Oa-
raTo #oro BJIACTUBOCTEN YCIIaJIKOBYIOTH aHAJIOTIYHI BJIACTUBOCTI KJIACUYHUX
J1e6eroBrx MpocTopiB. 30Kpema, JIBOCTOPOHHSI HepiBHICTh (4.33) rapaHTye, 1110
LPO)(Qr) e pebiexcusnny i cenapabenbunm, a Moozkuna Co¢(Qr) € minbuoio
B LP»0)(Qr). Binbme toro, 3a suxonanus ymosn (4.33), L=(Qr) N LP»O)(Qr)
€ TaKOXK MIIJIbHUM B pr(')(QT). [[Toso iHMUX BJIACTUBOCTEN TAKUX MPOCTOPIB,

TO BOHU € O3HaUYeHUMHU B po3iai 1.1.
4.2.4. Baroswuii eHepreTUIHUN IMIPOCTIpP i3 3MIiHHOIO €KCIIOHEHTOIO

Hexait D, (t, ) € Terzopom nudysii, o moB’a3anuii 3 J1esko0 QYHKINEn w €
C([0,T]; L*(Q)) Ta naerbest 3a npasuiom (4.28). OsHauumo Barosuil mpocTip
Wy (Qr) sk MuOKUHY yeix DyHKIH u(t, ) Taknx, 1o

u € L*(Qr), u(t,") € WH(Q) ana m.. t € 0,77,

(4.37)
/ | Dy (t, 2) VulP»®) dedt < +oo.
Qr
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Beesiemo na mpocropi Wy, (Qr) Taky HOpMY

ullw,@r) = llullz@r) + |1 DwVull prwt (@rre),s (4.38)

ne npyruM jogankoM B (4.38) € Hopma BekTop-byHKIl Dy, (t, ) Vu(t, x) B mpo-
cropi Orlicz’a LP»O)(Qr; R?). Ockinbkn (us. (4.29))

dilé]? < € [Du(t, )€ < d3EfP, VEER? V(L) € Qr, (4.39)

0 Wy, (Qr), 3 HOpMmoto (4.38) € pedpiekcuBHIM GaHAXOBUM TPOCTOPOM. OCKiib-
KI eKCIIOHEHTa P, : Q7 — R e Jinmurib-HenepepBHOO, TO IIaJaki (OyHKIIT
e miapbHuMn y BaroBomy mpoctpi Sobolev-Orlicz’a W, (Qr) (mus. [4]). Orxke

W (Qr) Moxua nogatn sk samukanus mupoxkunn {p € C*(Qr)} 3a HopMOIO

H ) HWw(QT)‘

4.3. 1lIpo icHyBaHHS PO3B’A3KiB AJIsI OJJHOTO KJIacy IapaboJIiTHIX

PiBHAHDb 31 3MIHHUM MOPSAKOM HeJIiHiiTHOCTI

Hexait f € L*(Q7) Ta fo € L*(2) € noBiibHnME po3noiieHHsamMu. PosrisgHemo

HACTYIIHY ITIOYaTKOBO-KPalioBy 3a/1auy

2_7: —divA,(t,z,Vu)+u=f B Qr:=(0,T) x £, (4.40)
Bu=0 ma (0,T)x 00, (4.41)
w(0,)=fo B Q. (4.42)
Tyr
Ay(t, 2, Vu) == |D(t, z,w)Vul[P*“"2D(t, 2, w)Vu, (4.43)

eKCIOHeHTA Py, : Qr — (1, 2] 3amaerbes npasmiom (4.7), cuMeTpUYHA MATPUIIS
D(t,z,w) o3nadena B (4.28), a depe3 0, MO3HAYEHO TIOXiJHY 3a 30BHIINTHBOIO
OJIMHIYHOIO HOPMAJLITIO.

fx BurmBae 3 (4.43), (4.28), Ta jgemu 4.2.1, s KoxkHOI ikcoBanol w €
C([0,T); L*(2)), Binmobpaenns (¢, z, &) — A, (t, z,€) e BexkTop-dynxiieo Ca-

rathéodory, To610 A, (t, 7, €) € nenepepsnoio 3a £ € RY Ta sumipHoto BigHocHo
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(t,z) npu xoxuomy ¢ € RY. Binbmte Toro, BIacTHBOCTI MOHOTOHHOCTI, Koep-

[UTHBHOCT] Ta 0OMEYKEHHOCTI BUKOHYIOThCsI Ipu M.B. (t, x) € Qr [83]:

(Au(t,2,€),€) = |D(t, z, w)é[P*" 72 (D(t, 2, w)E, D™ (t, 2, w)D(t, z, w)§)
(4.39) . B )
> & Nt > & g, e e RY,
(4.45)
Ay (t, 2, )P < D |gpetn) < Blefpete) e € RN (4.46)

[Ipore B 3arasbproMy Bunajky, — div A, (t, , Vu) + v € npukiajgoM Cujb-
HO HEJIHIHOrO, HEMOHOTOHHOI'O Ta HEKOEPIUTUBHOIO JUBEPIeHTHOIO OlEPaTO-
pa. OTKe, pe3yabTaT Mmoo po3s’s3annocti 3amaqi (4.40)(4.42) Ta exanmicTs 11

PO3B’SI3KY 3a/IUIIAIOTHCS BIIKPUTUMEI MHTAHHAME Ha ChOTOJHIMIHIN jeHb 41,

Chapter I11].

Osnavenns 4.3.1. Bydemo xazamu, wo npu sadanuzr f € L*(Qr) ma fo €
L3(Q), ¢ynxuia u e crabkum posze asxom szadaqi (4.40)~(4.42), axwo u €
Wo(@r), momo

u € L*(Qr), u(t,") € WHH(Q) daa m.6. t €[0,T],
/ |D(t, z, u) VulP*?) dedt < +oo0,

Qr

(4.47)

1 NPU UYDOMY THME2DANOHA TMOTMOHCHICTD

/ (—u%—f + (Ay(t,x, Vu), Vo) + ugo) dxdt =

— | fedudt+ / fopliodz (4.48)
Qr Q

e 6ipnoto dan eciz o € ®, de ® = {p € C™(Qr) : ¢|,_r =0}.

[[1o6 3’sgacyBaTu, B SKOMY CeHCI cJ1abKuil po3B’sI30K IpHUiiMae 104aTKOBE 3Ha~

gennst u(0, ) = fo, HABeEMO Takuil pe3yabrar (JJ1st JI0BeJIeHHS [IUB. TBEpP/IKe-

mas 3.1.1).
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Teepaxkenns 4.3.1. Hexati f € L*(Qr) ma fo € L*(Q) e sadanumu posno-
dinenmamu i nexatd u € W, (Qr) € crabrkum poss’askom zadavi (4.40)—(4.42).

Todi dns 6ydv-axoeo n € C®(Q) ckarapna ynruia h(t) = /u(t,a:)n(x) dx
Q
naaesrcumsv npocmopy WHH(0,T) i npu yvomy h(0) = / fo(z)n(x) dx.
Q

OCHOBHOIO METOTO JIAHOT'O PO3/ILTY € MOKA3aTH ICHYBAaHH CJIaOKOTO PO3B’A3KY
sagadi (4.40)—(4.42). st 1bOro CKOPUCTAEMOCST TEXHIKOI0 30yPeHb Ta KIacud-
HOIO TeopeMoto 1po Hepyxomy Touky [laynepa [69] (mus. [36,45,50], xe 3amy-
qaBCs MOIOHMI i IXi ).

PosmouneMo 3 HACTYITHOTO TTPOMIYKHOTO PE3YIbTATY.

Teopema 4.3.1. Hezati f € L*(Qr) ma fy € L*(Q) e sadanumu posnodiien-

Hamu. Todi das Koocrozo0 dodammozo 3navwenns € > 0, sadavwa Kowi-Hetimarna

%—eAu—de (t,z,Vu)+u=f 6 Qr:=(0,T) x £, (4.49)
Oyu=0 mna (0,7) x 09, (4.50)
u(0,) = fo 6 Q, (4.51)

mae crabruti pose’asox u. € C([0,T]; L*(2)) N L*(0, T; W2(Q)), wo zado-

soavnac (4.49)—(4.51) 6 cenci posnodinens.

Jlosedenns. BejieMo J10 po3IJIsiy HPOCTIp

W(0,T) = {w c L*(0,T; Wh(Q)), C;—f c L*(0,T; [Wm(Q)]')} :

[eit mpocTip € ribbepToBUM BigHOCHO HOpMHE I'padika. Obepemo 1oBLIbHY dyH-

kuito w € W (0,T) N L>(0,T; L*(?)) Taky, 1mo

w2072 < Ch,
|w]| Lo 0,7:12(0)) < V201, (452)
H%%HB(O,T;(WL?(Q))’) < G,
w(oa) - fO B Q; )

e

Cr = /I gy + 2l follEzo
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Cy = 20, + || fllzzon + (1 +d3 (1+C3)) 2 (1 + 7|02

Jl71s1 3pydHOCT] po3i0’e€MO PEIITy JI0BEeIeHHsI Ha JeKiJIbKa KPOKIB.
Kpok 1. Ilop’szkemo 3 (yHKITI€I0 w HACTYIHY Bapialliiiny 3a/ady: 3HailTn

u=U(w) € W(0,T), sika 3a710BOJIbHsIE BapialliiiHy piBHICTEH

<81§(f)w> + /Q e (Vu(t), Vo) + (Au(t, 2, Vu(t)), Vo) + u(t)v] du

_ / f(twde, YveW(Q) e s [0,T), (4.53)
Q
u(0) = fo. (4.54)

Ockinbkn Brmouennss w € W(0,T) rapanrye, mo w € C([0,T]; L*(Q2))
(muB. [30, Chapter XVIII|), To 3 jemu 4.2.1 Bummsae, mo BiAIOBIIHA €KCIIO-

HEHTa

poi=1+9 (3 [ (VG wulr ) ar)

—h
e Takoro, mo p, € C¥YQr) i1 < p~ < q(-,-) < p' B Qr, 1e p;L = 2 1a
P =146 = 1+ ah [ah + [|Go |2 grmgy |2 sbgers 1101320 1,20 |
Bisnbe Toro, 6aunmo, 1mo marpuns J,(w,) Haisexurs C™ i K BUILIIBAE
3 (4.28), D(-,-,w) € L>(0,T;C>*(2)), ne Tensop auizorponnocti D(t,z, w)
3aJI0BOJIbHSIE JIBOCTOPOHHIO HepiBHicTh (4.29). OTxke, mpu 3aganomy € > 0,
oneparop B : L*(0,T;W12(Q)) — L?*(0,T; (WL?(Q))/), SKUI O3HAYEHO 32

[IPaBUJIOM

(Bu,v) =/ (eVu + Ay(t, z, Vu), Vo) dxdt +/ uv dxdt,

T
€ KOEpIUTUBHUM, MOHOTOHHUM Ta XeMi—HeHepepBHI/IM7 Je XeMi-HeHepepBHiCTb

O3HAvYa€ HENEePEePBIHICTH CKaJIsApHOT PYHKILT

2(A) = (B(u+ M), ) =

= / (e(Vu + AVv) + Ay (t,x, Vu + A\Vv), Vo) dedt+

T
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+/ (u+ )vdzdt, Vu,v,p€ L2(0,T; Wh2(Q))

B Touni A = 0. Ockinbku A, € dyuknieio Carathéodory, To 10 BacTUBICTDH

JIEFKO BCTAHOBUTHU BUXOJIsiun 3 Teopemu Jlebera Ta OIiHKM

1
|Ay(t,z, Vu + AV0)||Vp| < ———| A, (t, z, Vu+
Pl (t, @)
_|_ )\V/U) p;u(tJJ) + 1 |v<)0 p1u(t7x) <
pu(t, )

by (4.17), (4.46) d_%
D 2
1
< (\vu\pw“’w) - \vv\pm)) + = |V € LNQr). (4.55)
«

1
\Vu + AVv\p“’(t’x) + —\Vgo|p“’(t’x) <
a

OTrke, BUXOIAYN 3 KJIACHYHUX PE3YJIbTATIB MO0 MapabOTIYHNX DPIBHIHB
|60] (nmB. Takoxk pesynbratn AsxyTosa Ta zKnkosa [4,5]) Gatmmo, 10 3amaua
(4.53)—(4.54) mae emunmit ciabkuii poss’sizok U (w) € W(0,T) y cenci pos-
nojfiyienb. OCKIbKE iHTerpasiba TOTOKHICTE (4.53) JiiicHa st BCIX TECTOBHUX
dbyukiin v = v(t, ), sIKi € KyCKOBO-CTaJIMMU BiJIHOCHO ¢, TO 3BiJICijIsl BUILIH-
Bag, 10 15 TOTO’KHICTH 3aJIIIA€Thes BipHOto s Beix v € L2(0, T; WhH2()), a
orke, i g Beix v € WH(Qr) takux, mo v(T, ) = 0. Tenep zanyuatoun dbop-
MYyJTy iHTErpyBaHHsT 9aCTHHAMHI, MOYKHA JIETKO MoKa3aT 3 (4.53), 1o po3B’s30K

U(w) 3a710BOJTbHSIE SIK IHTErpajbHy TOTOXKHICTh

/ (—Ue(w)g—f + (VU (w) + Ay (t, 2, VU (w)), V) + Ug(w)gp) drdt

= fgpdxdt—l—/focp|t:0dx Voed (4.56)
Qr Q

TakK 1 eHepreTuyHy PiBHICTH

1
—/Uf(w) dz+
2 Ja

[ [ A0 + (At VUw), VUw) + U(w) dod
0 JO

— er(w)dxdt—i—/fgdx, Vte[0,T]. (4.57)
Qr Q

Kpoxk 2. [Ipuiimatoun o ysaru (4.57), OTpUMYEMO OIIHKH:

1U ()220 < 1f 1200 + 2l foll22() = CF, (4.58)
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(1.8) 1/p~
[VU(w) | prwtrrryy < (/ VU (w)]Pet2) dil?dt+1>

(4 57) 1 5 1 9 Hr"
< (B (1l + 07 + 10y ) +1)

458) /d 1/p~
< (d—jcf + 1) =: (O, (4.59)
1

1
||Ue<w>Lw(gvT;p(m)ﬂ/z(wo@?( # 31 g + 31Uy ) <

< V20, (4.60)
1 2 1 2 1 2
IVUW)llz2@uiy) < —=  1follza) + 51 1220n) + 5 1Ue(w)l220p) ) <
1
< %01. (4.61)

3ayBaykKUMO TaKOXK, 110

o)

(4.53), (1.12)
< VEIVU(W) | 22(@rri) V] 22(Qrmy

+ 2| Ay (t, 2, VU(w)) HLpéum(QT;RN) HVUHLPw(')(QT;RN)

+ Ul 2@nlvllzz@n) + 1 llz2@n vl 2@n)
(1 11)
< [VaAIVUlguas + WUelzion + | llzian]
X HUHLQ(QT;WLQ(Q))
1/2
+ <1+/ |Ay(t, z, VU (w)) [P ) dxdt) X

x (1+ TN (o]l 2 ()
.61

1.58)(4.61)
< C3||UHL2(O,T;W172(Q))7 Vo e L2(07 T7 W172(Q))7
(4.62)
e
1/2
Cy =201 + | fll2on + (1 4+ d2 (1+C2)) 7 (1 4+ T2
Otxe,
aU.
H (w) <Gy, (4.63)
Ml 2.0, wr2()))
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[Ipuitmaroun 70 yBaru oTpuMaHi OIIHKK, BBEJIEMO 10 PO3TJIsI LY T IMHOKUHY

Wy tipocropy W (0,T)

( )
120 220, m2(0)) < (1+¢%) Cy,
e} T2 < 20’
Wo=<2eW(0,T) l2llz= ey < V20 >
155 | 220 s 2y < Css
\ ( 7') - fO )

3 orysiry Ha ominku (4.58)—(4.62) ta ymoBy (4.52), crae 3posymio, mo w € W
a, oT2ke, U, MoxKHa iHTepHpeTyBaTu K Bijgobpazkenud 3 Wy B Wy. Kpim Toro,
Mu 6a4nMo, 1110 Wy € HelopoKHBOIO, OIYKJIOI Ta CJIAOKO KOMIAKTHOIO 11 IMHO-
xkunoto W(0,T). Orxe, mob 3acrocyBatu Teopemy Ilaymepa mpo Hepyxomy
TOUKY, 3aJUIIAETLCS [I0Ka3aT, 10 Bijobparkenus U, € cj1abKo HelepepBHUM 3
Wo B Wo. Ockinbkn srnagenus WH2(Q) B L?(Q) € KoMIAKTHUM, TO yTOUHEH-
ust jiemn Aubin’a (nuB., nanpukial, |76, Section 8, Corollary 4| rapantye, 110
Oy ib-sika oomexkena nijamuoxkuna W (0, T) e BijgnocHo komuakTHoo B L?(Qr).
VY pesyabrari, 3asydennst TeopeMa Illayjaepa 1npo Hepyxomy TOUKY rapaHTye
icHyBaHHst ejieMenTa ue y Wy taxkoro, mo ue = Ue(u,).

Kpok 3. Hexaii {wj}j cr € mocaiosrictio B Wy, gka ciabko 36iraetbest 8 Wy
1o peskoro w € Wy. Hoknasum . ; = U (w;j) Ta cKOpHCTABIIUCH CJIAOKOIO

KOMIIAKTHICTIO MHOKIHU W)y, 6admmo, 1110 {ue,j}j cg MICTUTH TTOC/IIOBHICTb,

JIJIST IKOT
Ue; — u. cmabko B L*(0,T; WhH(RQ)), (4.64)
Ouc;  Oue
gt’j — al; cnabko B L*(0, T (WLQ(Q)),), (4.65)
Ue; — U cumpio B LA(0,T; L*(Q)) i mc. B Qr, (4.66)
88“;;3’ = gz cnabko B L2(0,T; L*(Q)), (4.67)
w; —w cuwbno B L2(0,T; L*()). (4.68)

Toui emn 4.2.1 and 4.2.2 rapaHTy0Th piBHOMipHY 301:KHICTb
D(t,z,w;) = D(t,z,w) 1a py,(t,z) — pu(t,z) B Qr upu j — co. (4.69)
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Binbire Toro, 6epydn 1o yBaru, Imo

) (1.10) '
| Au, (&2, Ve ) m) < (1+T|QI)I\ij(tyxaVue,jﬂlfp@j(-)@ﬂw)
1.8

(1.8) ,
< e (14 [ Ve Vo) P dear
Qr

(4.46) 0 (4.59)
< (1+T7)9)) 1+d2/ Ve ;[P dedt | < oo,
Qr

(4.70)

3 (4.61) Ta (4.34) orpunyenmo, 1o nocigosuicts { eV, ; + Ay, (L, 2, Vue,j)}jeR

/
e oomexxenoio B L7 (Qp; RY). OTike, MorKHa BBasKaTH, 0 3HANHIETHCS €IEMEHT
/
z € L7 (Qr; RY) rakuit, mo

eVuej + Ay, (t, 7, Vuej) — 2z cnabko B Lﬂ/(QT;RN) npu j — oo. (4.71)
Bepyun 110 yBarn neii gpaxr, a TaKozK BJIACTUBOCTI

Y

Uej = e B LY (0,T; W' (Q)) mpu p~ = 1+ 6 (3a (4.64))
{tej}jen € oOmerxenmvu 5 L*(0, T L*(Q)) (3a (4.60)),
4.72

ue; € L (0,T; W' (Q)) Vj € N 3a (4.61), (4.72)

)

sup || (Au, (t, 2, Ve ), Ve;) |11 op) < 00 (3a (4.55)),

jeN
i roit hakt, mo 1 < 1+0 = p~ < pt = 2 < 2p, 3 reopemu 1.4.2 Bu-
nuBae, mo noTik Ay, (t, 7, Vi, j) criabko s6iraeTbes B L% (Q7;RN) 5o noroky
Ay(t, x, Vu,), 10010 2 = AW(t, x, V).
Orzke, MozkeMo 1epeiiTu 10 rpanuti B (4.53)—(4.54) upu u = u.; Ta w = wj,
SIKINO j — 00. fIK pe3ysbrar, OTpUMYEMO

< Qu(t)

5 ,v> + /Q [e (Vue(t), Vo) + (Au(t, 2, Vue(t)), Vo) + u(t)v] dx
= / fMvdr, YveW(Q) wec s[0,7], (4.73)
uc(0) = fo, (4.74)

106710 Ue = U (w). Binbiie Toro, ockinbku Bapiatiiina 3agada (4.73)—(4.74) mae

€JINHNI PO3B’A30K, TO 1 BCA IOCJIJIOBHICTD {“w‘}jeR TaKOXK 30iraeThbes CJIabKo

B W(0,T) no u. = U (w).
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Taxum aunom, Binoopaxkenust U, : Wy — W, € ciabko HellepepBHHUM, a
oTzKe 3a TeopeMoio Schauder’a 11po HEPYXOMY TOUKY, U, € CJIAOKIM PO3B’I3KOM

36ypenol 3amadi (4.49)—(4.51). O

3ayBakeHHs 4.3.1. Ockiavku numants w000 eOUHOCL CAGOKUT PO38 A3KIE
a0ypenoi 3adavi (4.49)—(4.51) saavwaemves eidkpumum, 6ydemo nazusamu
CAAOKUTL PO36 AZ0K Ue, ICHYBAHHA AK020 20PAHMYEMBCA meopemoro 4.3.1, ax

Wo-docsaotcnuti po3s’sasox.

Hacaigok 4.3.1. Jaa 6yov-axuz f € L*(Qr), fo € L*(Q), ma npu 6ydo-
axomy dodammvomy snavenni € > 0, zadaua Kowi-Hetimana (4.49)—(4.51) do-

nyckae npuratimui odurn Wy-docascnudi crabrxutl po3s’a3ox.

Ax npaMuit HACTIIOK MOTEPeHIX pe3y/IbTaTiB, MOYKEMO BKa3aTH Takl J0-

JTATKOBI BJ1acTUBOCTI Wo-JIOCSIZKHIX PO3B SI3KIB.

Hacuigok 4.3.2. Hexati f € L*(Qr), fo € L*() ma e > 0 e zadanumu.
Hexat u, € W(0,T) e Wy-docasicnum crabrum pose’azkom 3adawi (4.49)—
(4.51). Todi ue € crabkum pose’azkom wici 3adavi 6 cenci osnavenns 4.3.1,

AKUL 3a0060NDHAE EHEP2EMUHY PIBHICTND

1 t
3 / u? dw + / / (e|Vuel* + (A, (t, 2, Vue), Vue) + u?) dadt
0 0 Jo

= fueda:dtJr/fgdx vVt e [0,T]. (4.75)
Qr Q

Jlosedenna. Sk BummuBae 3 (4.56), gKmO U, € caabKUM PO3B’S3KOM 3ajiadi

(4.49)—(4.51) B ceHci pO3IOMIIEHD, TO U, 3a/I0BOJIBHSIE IHTEIPATBLHY TOTOKHICTD
Oy
~Ues + € (Vue, Vo) + (A, (t, 2, Vu), Vo) + uep | dedt
T

= fgod:pdt—k/fogo\t:odx Voed. (4.76)
Qr Q

Otxke, st TOro o0 MOKa3aTH, M0 U, € CJAADKUM PO3B’SI3KOM, JIOCUTH BCTAHO-
BuTH BRJodeHus u. € W, (Qr). Buxomsun 3 oznavenns mpocropy W, (Qr)
(muB. (4.47)), MU TTOKazKeMO, 10

/ |D(t, z, uc) V[P dedt < +o00 s ms. t € [0,T).

T
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Ockisbku ue € Wo-pocszkunm poss’sskom 3ajadi (4.49)—(4.51), o 3naii-
JleTbesl HOCIIIOBHICT {uUe j};p € W) 3 Bractusoctsamn (4.64)-(4.67) raxa, o
Ue; = Ue(tej—1) mist j = 2,3, . ... lla nociigosHicTs, sK BiIoMO, 3a/10BOJIbHSIE

praactusocti (4.71)-(4.72). Orxe, Vu; € L' (Qr; RY) 3a ymosoio (4.64), Ta

/ [|Vu67j
Qr

d d3
< max 4 1, —; / L\ Vuej|Pei + €| Vue ;| dedt
dl QT d2 ) )

Piei + €|V j|?] dudt

d
< max {17 d_g} SUP/ “ (Aue,jq(ta Ly VUEJ’)? VUEJ) ‘ + €|vu67j‘2} dxdt
1) jeN T

4.45),(4.72
( )<( ) 00, (4.77)

)

Pros 1 €|Vt |2 ST QU L7 (Qr). (4.78)

|Vu€,j

B pesyibrari, 3 semu 1.4.5 orpunmyemo z € LP«)(Qr). Tomy

/ |D(t, z, u) VP dedt < d / |V [Peet) dadt
T Qr
(L8) )
< & (IVudBrogn + 1)
(4.59)
< d5(Cy+1) < +oo. (4.79)

Takum waunom, v, € W, (Qr), a omke 3a oznadenusm 4.3.1, u. € caabkum
posB’s3kom 3ajadi (4.49)—(4.51).

3a/mIaeThCs TOKa3aTH, IO € BIpHOIO eHepreTudna piBHicTh (4.75). OcKib-
ki ue aexuth 8 W(0,T) a muoxkuna recrosux dynxmuiit C°([0, T]; C°(RY))

e misnowo B L2(0, T; WH2(Q)),ro 3HaiiieTses NoC/IijI0BHICTD
{ij}jeN - COO([OaT]Q C§O<RN>)

Taka, II0

©0; — u. B L*0,T;WH(Q)) npu j — oo. (4.80)

Bepyun j0 yBarm, 1mo jjist KoxkHoro j € N BUKOHYEThCA iHTerpajbHa TOTOXK-

HICTD
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/ / (Vue(t), Vioy () + (A, (t, 2, Vaue(t)), Yoy () + we(t)p; (8)] ddit+

/0<8ua;§) >dt //f @j(t)drdt, VjeN, Vtel0,T],

(4.81)
nepeiigemo jio rpannni B (4.81) npu j — co. Jlag 1poro 3ayBazknumo, 1o
t
0 Jo
/ / (t, 2, Vue(t)), Vu(t)) dedt+
/ / t L, vue ));ij(t) — Vue(t)) dxdt,

1e Vo; — Vue = 0 m.c B Qr B ety (4.80), i

1
(A, (t, 2, Vu.), Vo — Vue)| < 1| Vue|Pu + E|Vg0j — Vu P € Ll(QT)

3a ymoBowo (4.55). Orke, 3a Teopemoto Jlebera, rpanudnnii nepexin B (4.81)

IIPUBOJINTD JIO CIIBBIIHOIIEHHS

/0 /Q € (Vue(t), Vue(t)) + (Au(t, 2, Vue(t)), Vue(t)) + ui(t)] dudt

+ /0 t<au5§t),ue(t)> dt = /0 t /Q F(O)uc(t) dwdt, Yt e[0,T). (4.82)

Takum drHOM, OO OTPUMATH €HEPreTUIHY PIBHICTE (4.75), 3aUIIAETHCS CKO-

pucraTucs (popMyJIOK iHTErPYBaHHS 3a YacTHHAMA. ]

[lepmn Hizk mepeiiTu 0 OCHOBHOT'O PE3Y/ILTATY JAHOTO rmaparpady, HeBeJIeMO

OJINH TeXHIYHUI pe3ysibTaT

Jlema 4.3.1. Hexati {uc},,, C W(0,T) e nocaidosnicmio maxoro, wo

sup (e/ \Vufdxdt) < 400. (4.83)

e—0

Todi eVu, — 0 6 L*(Qr; RY).
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Josedenns. Hexaii ¢ € C§°(Qr) € noBinbHOIO BekTOp-dyHKIE0. Toi

1/2 1/2
‘/ (eVue, @) d:cdt‘gﬁ(/ e\Vu€|2dxdt> </ \g0|2d$dt) .

Orzxe nocaigosuicts {eVu ), ., € obmexenoo B L?(Qr; RY). Sk pesyibrar,

MaeMO

by (4.83)

2
< Cye (/ E\Vufdxdt) < Cyve— 0.

‘/ (eVue, @) dxdt

Tenep nepeitieMo 710 TOBEJAEHHST OCHOBHOI'O PE3yOTaTYy.

Teopema 4.3.2. Hexati f € L*(Qr) ma fy € L*(Q) e sadanumu posznodi-
aernamu. Todi nowamroso-kpatiosa 3adava (4.40)—(4.42) donycrae npunatimmi

odun caabkutl poss’asok u € W, (Qr).

Jlosedenns. Hexail € € MasmM mapaMeTpoM, sIKUil 3MIHIOEThCST B MeKaxX CTPOTo
CIaJIHOT TTOCTIOBHOCTI JIONATHIUX THCET, M0 cxosaThes 1o 0. Hexait cykymnHicTh
{u. € W(0,T)},_,, € nociinosuicrio Wy-ocszkHIX c1abKuX po3B’s3KiB 3a1adi
(4.49) —(4.51). Toxi npu xoxknomy € > 0 GyHKIUT U, 380BOJBHAIOTL iHTE-
rpajibHy TOTOXKHICTH (4.76) Ta enepreruuny pisaictb (4.75). Otxe, 3 (4.75)
OTPUMYEMO TaKl OIIHKU

sup [[uel|72(p) < CF = 11220y + 2 foll 220y (4.84)

e>0

(1.8) 1/p
sup || Ve || pruco)(pryy < SUD </ |V, Puc(t2) dedt + 1)
e>0 T

e>0
(4.75) ds 5 L, .o 1 9 e
< X7} a o I He 1
sup (5 (1l + 1M + glulioan) +
(4.84) d 1/p
< Cy= (d_§o§+1> , (4.85)
1
(1.10) _
sup | Vel - opmvy < sup (14 TIQDY" [ Vatel| e ey
e>0 e>0
(4.85) L
< (1+TIQNYP oy, (4.86)
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1 1
Sup [[tuel| oo(0,7;12(2)) < sup \/2 <Hf0||%2(9) + §HfH%2(QT) + §||UEH%2(QT))

e>0 e>0
< V20, (4.87)
1 1 1
Vel p2(grmy) < /e (HfOH%?(Q) + §Hf\|%2(QT) + §Hue”%2(QT)>
1
< len (189

e
B cuiy orpuMaHux OIiHOK, 0AYMMO, IO IOCJIiJOBHICTD {ue}6 _ € OOMEZKeHOIO

B L0, T; L*(Q)) ta B LP (0, T; WP (Q)). Orxe 3uaiijierbes ejeMenT
we LP (0, T;WH (Q)) N L>(0,T; L*(Q)) (4.89)

TaKHUil 1110 3 TOUHiCTIO 10 Iijnociigosrocti ue — u B LP (0, T; WP (Q)) upn
e — 0. Okpim 1poro, pisnomipua obmerkenicrs noroxis {A,, (t,z, Vue)}, o B
Lp+/(QT;RN ) BisHOCHO € > () rapanTye, IO Iisi TOCiIOBHICTh € CEeKBEHIIHHO
cJ1abKO KOMITAKTHOIO B Lp+/(QT; RY) (3a peranamn gus. (4.70)). OT:ke MozKe-
MO BBasKaTH, 1Mo icHye BeKTOp-DyHKIA w Taka, mo we = A, (t,2, Vu,) — w
B Lp+I(QT;RN ) mpu € — 0. Bajgyuaoun MipKyBaHHSI, aHAJOTIYHI JTOBEJICH-
Hio Teopemu 4.3.1, MoxKHA TOKa3aTH, 1O SUP g || (e, V) || 1@ < 00. B
pesysbrari, 3 Teopemu 1.4.2 orpumyemo, 1o motik A, (t, x, Vu,) crabko 30i-
racThed B Lp+/(QT;RN) 1o motoky w = Au(t,x,Vu). OTxe, K BHUILIHBAE
3 jemn 4.3.1, rpanndHuii nepexin B iHTerpasbHiii ToToykHOCTI (4.76) MpHBO-
JATH J10 OJI6HOT piBHOCTI jyist piBHsitHs (4.40). 3a/juiaeTbest B3sATH JI0 yBaru
aemy 1.4.5 Ta cuisBinnomenns (4.77)-(4.78) maa Toro, mob npuiitu j0 Bu-
ciopky: [, |D(t, , w) V[Pt drdt < 4-00. TaknM 9HHOM, U HAJIEKUTH HPO-
cropy W (Qr) 1 gk Hacaimok Maemo: u € caabkuM po3s’s3koM 3ajadi (4.40)—

(4.42). O

Pesynbrar Teopemu 4.3.2 MoxKHA JIOMOBHUTH TAKUM TBEPJIZKEHHAM.

Hacainok 4.3.3. Hexati uw € W, (Qr) € caabrum pose’askom sadawi (4.40)-
(4.42). Ilpunycmumo, wo yet po3e’asok € KAGCMEPHOI MOUKOI0 NOCAII06HO-

cmi Wy-docaoenux pose’saskie {u. € W(0,7T)} Todi das scix t € [0,T] e

e—0-
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BIPHOI0 MAKA EHEP2EMUYHA HEPIEHICTTIL

1 t
—/u2 d:c—!—/ /((Au(t,x,Vu),Vu)-i—uZ) dxdt <
2 Ja 0 Ja
< fuda:dtJr/fg dx. (4.90)
Qr Q
Josedenna. 11106 orpumaTu jgaHy HEpIBHICTb, JOCHTH HEpeiiTn 0 I'paHuIl B
(4.75) upn € — 0 sanyuaioun ciabky 36ixnicts ue — u B L (0, T; WhH (Q)),

nemy 1.4.4 ta ciabky 36ikHicTb MOTOKIB (7uB. Teopemy 1.4.2). O

Hacmigok 4.3.4. IIpunycmumo, wo N = 2 i nexati u € Wy(Qr) € crab-
Kum po3e’azkom 3adayi (4.40)—(4.42), Axut ompumano AKX KAGCMEPHY MOUKY

nocaidoswicmi Wy-docsaocnuzx poss’askie {u. € W(0,T)} Todi mae micue

e—0-

nacmynnut pesyavmam: u € L* (Qr) 3 ouirkorn
[ull o= () < (\/50102 (1+ T|Q|)p) C (4.91)

de noxaswux p~ > 1 daemwvea npasusom (4.17), a cmani C; ma Coy susnaueni

6 (4.84) ma (4.85), sidnosidno.

Josedenna. fx Bummsae 3 anpiopuux oninok (4.86)—(4.87), nanuii crabkuii
PO3B’s130K 3a/10BOJIbHsIe BKIOUYeHHIO (4.89). OTxe, y Bunajaky N = 2 1e TBep-

TZKeHHsT pa3oM i3 orinkoio (4.91) sBumiuBae 3 Hacaiaky 1.1.1. O

Ha zasepiuennst janoro mnaparpady, HOBEPHEMOCH JI0 BUXIIHOI ITOUYATKOBO-
Kpaitool 3ajadi (4.2)—(4.4) Ta cpoeKTyeMo Ha Hel ojiepKaHi BUIIE PE3YIbTATH.

st boro mepertuiemo 3ajady (4.2)—(4.4) y Burus

% —div A, (t, 2, Vu) + ku = w(f —v) in Qr, (4.92)
du=0 on (0,7)x 09, (4.93)
u(0,) = fo in £, (4.94)
hi(e
Ap(t, z, V) := |Dy(t, z)VuP»$0) 2D (t, )V, (4.95)
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eKkcrioHeHTa P, : Qr — (1,2] zamana upaswiom (4.7), a marpuig D, (t, x)
susHadena B (4.28). Illomo kepyBattst v € Vyg, TO BBaKATUMEMO, IO KJIAC

JIOTIYCTUMUX KEPYBaHb Vg 38Ja€ThCA AK

Vi = {v € LZ(QT) D () < o(t,x) < vp(x), Mc. B QT}. (4.96)

Buxonaun 3 oznauennst 4.3.1, Gyaemo kazaru, mo upn sajganux f € L*(Qr),
fo € L*(Q) tav € V,q, byHxiia u € ciabkum poss’askoM 3aadi (4.92)—(4.94),
sk u € Wy, (Qr), Tobro

u € L*(Qr), u(t,") € WHHQ) nns ms. t € [0,T],
/ | Dy (t, ) VulP) dadt < 400,

Qr

(4.97)

1 IHTerpaJibHa TOTOXKHICTb

/ ( u%—f + (Ay(t,z, Vu), Vo) + mup) dxdt

= /i/T(f—v)godxdtJr/Qfogo\t:odaz (4.98)

BUKOHYeTbCs jutsl Beix ¢ € @, ge & = {p € C%(Qr) : |,y =0}.
Toni Teopema 4.3.2 creepizKye, mo npu sajtannx f € L2(Qr), fo € L*(Q)
Ta v € V,g, 3a1a49a (4.92)—(4.94) nomyckae npuHaiMHi O/IH CJIAOKIH PO3B’ST30K

u € W, (Qr), sxuii mijKopsieThCsl eHepreTHyHil HepiBHOCTI

/u d:z:+// Wt 2, V), Vu) + ku?) dadt

<k /(f—|—v)udxdt—|—/f0dx (4.99)

T
npu Beix t € [0, 7.

[Ipm mpomMy MarOTh MicIie TaKi OIMIHKN

lullf2(gp) < CF = KT (HfH%Q(QT) - ||v\|%2(QT)) + 5 follZay,  (4.100)

9l 0oy < ( [ 1w
Qr
2/€+ K2T 1/p~

133

1/p~
Pulb®) dadt + 1) <



=: (s, (4.101)
IVl o gy < (1+TIQDYP Oy, (4.102)

lull seor:z2(@y) < V2 \/ (1120 + I0l22,) ) + Ifoll3eey  (4108)

Ockinbku pobJieMa iCHyBaHHS Ta €IMHOCTI cJIaOKNX PO3B’sI3KiB B CEHCI PO3-
nojisiens it 3ajadi (4.40)—(4.42) Ha cbOroiHI BaJUIIAETHCA BIIIKPUTOIO, TO
MpUiMEMO 3a OCHOBY KOHIIETIIO CJIA0KNX PO3B’A3KIiB B ceHcl o3navenud 4.3.1,

sdKe Terep 3 ypaxyBaHHsAM TeopeMu 4.3.2 3By4YaTUMe TaK:

Osnauenns 4.3.2. Bydemo xazamu, wo caaokut poszs’asox u € W, (Qr) 3a-
dawi (4.40)—~(4.42) npu sadanuz posnodirennar f € L*(Qr), fo € L*(Q)) ma
v € Vg, € Wy-docaoicnum, axwo snatidemoca nocaidoswicms {e,}, oy wo 36i-
20EMBCA D0 HYAL NPU N — OO MAKA, U0

u, —~u 6 L7 (0, T;WH" (Q)),
npun — oo, (4.104)

Ao (2, Vu,) = Ay(t, 2, Vu) 6 LV (Qp:R?)
de
u, € W(0,T) = {w e L*(0,T; Wh(Q)), 62—7”; e L*(0,T; [WL?(Q)}’)} ,
Ay(t,z,Vu) == |Dy(t, z)Vul[P*$) 2D (t, ) Vu, (4.105)

1 npu kootchomy n € N, u, € caradbkumu pods’azkamu 6i10nosioHuUT 30YyperHux

3adavy
% —epAu—divA, [(t,z,Vu)+ru=r(f—v) 6 Qr, (4.106)
Oyu=0 mna (0,7) x 09, (4.107)
u(0,-)=fo & Q. (4.108)

BayBaxkenus 4.3.2. Bapmo nidkpecaumu (dus. nedasni pesyavmamu 6 [1]),
wo menep meopemy 4.3.2 MONCHA BUKAACTIU 6 YMOouHeHIT pedakuii, a came:
ons sadanur f € L*(Q1), fo € L*(Q) ma v € Vg, nowamroso-kpatiosa sada-

wa (4.92)(4.94) donycrae npunatimmi odun Woy-docatcrutl caabkuti po3s’asok
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u € Wy (Qr) daa axozo enepzemuuna nepienicmov (4.99) suronyemuves npu
scix t € [0,T]. Biavwe moeo, ax eunausae 3 (4.100)—~(4.103), ue poss’asox €
obmenicerum ¢ LP (0, T; WhHP™(Q)) N L>®(0,T; L*(Q)). IIpome cidobpasicerma
t = [Ju(t, )| r2q) ne e 0606 ’askoso nenepeperum. B 36 °azky 3 yum dpyeut do-
danor 1 [ |u(T)— fol> dz 6 Pynryionani sapmocmi € nozano obymosaenum. Ie
03HAYAE, U0 BUTIOHA 3a0a%a onMuUMaIbHo20 kepysarna (4.1)—(4.5) nompebye

NeSHOL PeAaKCAL].

4.4. IlocranoBKa 3aJadYi ONTUMAJHLHOTO KepyBaHHS Ta YMOBU 11

PO3B’I3aHHOCTI

¢k Oysio 3a3HaeHO B Honiepe iHboMY TTaparpadi, oneparop — div A, (¢, z, Vu)+
KU € TIPUKJIAJIOM HeJIHIHHOTO omnepaTopa y JUBEpreHTHiil (opMi, AKWil He €
Hi MOHOTOHHUM, aHi KOEPIUTUBHUM. Y IbOMY BHIAJIKY (1uB. Teopemy 4.3.2)
MOYATKOBO-KpaiioBa 3asada (4.2)—(4.4) momyckae Woy-nocskuuit ciabkuii pos-
B'S130K, SIKUil 3aJI0BOJIbHSIE eHepreTndny HepiBaicThb (4.99). OnHak HeBimoMmo,
YU [IPU KOXKHOMY JIOITYCTUMOMY KepBaHHI v € V,4 1eil po3B’'sd30K € €JIMHUM i
un Hase;kuTh Bin npocropy C([0,T]; L?(92)). Kpim Toro, sajimimaerbes BiaKpy-
TUM [UTAHHS, I1 BCl cia0Ki poss’as3ku (4.2)—(4.4) 33/ 10BOJILHIIOTH €HEPIeTHIHY
HepiricThb (4.99), sgKa Bijgirpae BUpIMAIbHY POJb I OTPUMAHHS AlIPIOPHIX
oniHoK, Takux stk (4.100)—(4.103).
OcHoBHa 3ajlaua JIaHOro Haparpady MoJsira€ B TOMY, 1100 JIOC/IIINTH Ha-
CTYIHY ocJiab/IeHy Bepcilo BUXITHOI 3a/1a9i ONTUMAJILHOTO KEPYyBaHHS
T
Misiisysari J(0,0) = ol ooy + 55 | llt) = fol) e df
—w
3a HassBHOCTI oOMerkenb (4.2)—(4.4), (4.96),
(4.109)

Jle w € MaJIMM JIoJaTHIM mapamerpom Takum, mo I —w > 0, a f € L*(Q7),

fo € L) i v € Vg € 3a1aHIME POBHOIiTCHHSIM.
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Bynemo kazaru, mo (v.u) € pomyctunmoro naporo Jyist 3aja4i 4.109, sakio:

vEVy, ueW,Qr), J(vu)<+oo,
(v, u) moB’a3ani iHTerpajbHO TOTOXKHICTIO (4.48) Ta HepiBHicTO (4.99),
a u € Wy-ocszKHIM CJIa0KUM PO3B’sI3KOM 3a/1adi
(4.2)—(4.4) npu 3aganomy v.
(4.110)
Hexait = C L?(Qr) X W,(Qr) € MHOKUHOIO JIONyCTUMUX PO3B’A3KiB 3a,1aui

(4.109). Toxi 3 Teopemu 4.3.2 BurmBag, 1o = # (). OcKiJIbKI OCHOBHI TOTIOJIO-

IivHl BJACTUBOCTI MHOXKIHU = HEBIJOMI, IIOYMHAEMO 3 HACTYIIHOI'O PE3YJILTaTy

Teopema 4.4.1. /las sadanuz posnodirens f € L*(Qr) i fo € L*(Q) mmo-
AHCUHG Z € CEKBEHUIUHO 3AMKHEHOI BI0HOCHO CAADKOL MONO0A02LL NPOCMOPY

L2(Qr) x 1V (0,T; W (Q)).
Hosederns. Hexait {(vg, ur)} ey C 2 € NOCTIIOBHICTIO TAKOIO, 110
v —v B LAQr), u,—u B L' (0,T; W (Q)). (4.111)

OckiJIbKHN MHOYXKHHa, Vg OIyKJIa Ta 3aMKHEHa, TO 3a Teopemoro Mazur'a V., €
CeKBeHIIIHO 3aMHYTOIO BijgHOCHO ci1abkoi Tomogorii pocropy L2(Qr). Orxe,
v € Vyq. Tenep mokazkemo, 1o (v, u) € Z. 3pobuMo Tie y JIeKiTbKa KPOKIB.
Kpok 1. 3rijiHo 3 nmoyaTkoBUME HPUITYIICHHAME, Jijisd KoxkHOro k € N ra-
pa (Vg, Ug) 380BOJIbHSIE eHepreTudHy HepiBHICTH (4.99), a ug € Wy-nocskunmvn
caabkumu poss’sskamu (4.2)—(4.4). Otxe, 3 orysiay Ha o3HadeHHs 4.3.2, Mo-
KEeMO BBazKaTH, IO icHye mocmigoBuicTs {ug, }, .y C W(0,7') Taxa, mo ¢ynk-
il {Upn}, o € ClabkuMu poss’askamu (y cenci posmnofinens) sagaui (4.106)

—(4.108) 3 &, = 1/n 1a v = vy, i TpHU LBOMY

Upy — up B LF (0, T;WH(Q)),  npun — oo, (4.112)
Aukﬂnfl(t, z, Vug,) = Ay, (t, 2, Vug) B L(p+)I(QT; ]R2) pu N — 00,
(4.113)

Binbire Toro, Toit dpaxT, 1110 eHepreTudHa PiBHICTD
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1
/ukndx+
//<—|Vukn|2 (A uknl(t,x,Vuk,n),Vukjn)+/€uz7n> dxdt =
:/-@/ (f—vk)uk,nd$dt—|—/f§dx, Vtel0,T] (4.114)
T Q

€ BaJIJIHOIO IpHU BCiX N, k € N, 103B0JIsIE 3poOUTI BICHOBOK, IO IIOC/IIJOBHICTD
{up i} € 0OMezKenOI0 B 1pocropi L (0, T; WP (Q))NL>(0,T; L*(€)). o-
eqayroun neit daxr 3 (4.112) ta (4.111), maemo

upr —u B LY (0, T; W' (Q)), upu k — oo, (4.115)
upr —u B L*0,T; L*(Q)), npn k — oc. (4.116)

Kpok 2. Buxogguun 3 enepreruunoi pisrocrti (4.114) i 6epyun g0 yBaru

(4.100)—(4.103), mpuX0oANMO JI0 TAKUX AlIPIOPHUX OIIHOK

ksl any < AT (1510 + s1p el ) +
S

+ &7 follFa0) = ST, (4.117)
HVUkk”LpuM 1O(OrR?) <
2k + KT
— = l/oll7 +—<f22 + sup ||vg |2 ))+
% (Glllo + 25 (W B + 512 oo
+1=:25,, (4.118)
IVt ll ey < (LTINS, (4119

[kl £ 0.7522(0) \/—\/ HfIILz +sup\|kaLzQT>+Hfo\|%29

(4.120)
Vi lregrmm < VE (Lol + KIS + vellznlluenlzen ) <
4117
< \fsg, (4.121)
it Beix k € N, 11e
sup el (@) < VT[]l 20y < +o00. (4.122)
S
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[Tokazkemo, 1110 Ma€ Miclie Taka acUMIIOTUYHA, BJIACTUBICTD:

1
%Vuhk —0 B L2(QT; R2) (4.123)

Hiiicno, /st 10BlIbHOT TecToBOT BeKTOp-pyHKIITl ¢ € CF(Qr), Maemo

, ) | 1/2 12
‘/T (EVUkaaSO) dazdt‘ < N/ </TE|vuk,k|2d$dt> </T |90|2dxdt> :

[Tpore mocti1oBHICTE {%Vukk} ren € OOMEZKeHoI0 B L*(Q7; R?). Takum unHOM,

1 (4.121) S 1 ) 1/2
— drdt| < — dxdt k )
'/T <kVuk’k,g0> X ' 3\/E (/T|g0\ x ) —0 nupn k— oo

KpOK 3. ITokazkemo, 110 MOTIK quk &+ Ay, (t, 2, V) cnabko 30irae-
teest B LW (Qp; R?) 1o moroky Ay (t, z, Vu) npu k — oo. JIjist 1Or0 10CHTH
nokazari, 1o Bci nepegymosn (C1)—(C7) reopemn 1.4.2 BUKOHYIOTHCS.

Jljist oUaTKy 3ayBaXKUMO, 10 BUCHOBOK, moaibHuit 10 (4.115), MoxKHa 3po-
ourn i momo mocmioBHOCTI {Uy k—1}, . Tomi 3a temamu 4.2.1 Ta 4.2.2 oTpu-
MYEMO

D (t,z) = Dy(t, ) i py,,_, (t, ) = pu(t, )

piBHOMIpHO B Q7 11pu j — 00.

Uk, k—1

(4.124)

Bisbre Toro, 3 (4.46) ta (4.118) 6aammo, 10 TOCTIIOBHICTE
1
{Evul@k + Ay, (t 2, Vukk)}
keR
e obmexxenoio B LP) (Qp; R?). Orxe 3naitnerses enement z € LP) (Qr; R?)

TaKuii, 1110

1
Ev“’“‘“ + Ay (2, Vg ) = 2z cnabko B LY (Qr; R?) upu k — oo.
(4.125)

3ayBasKIMO TaKK, IO IOCJIi0BHICTD

E

e obmexkenoro B L1(Qr). Teit daxT Gesnocepeinbo BUILIMBAE 3 oliHoK (4.121),

4 (Aup, (8 2, Vi), Vg ) } (4.126)
keN

(4.118) Ta HACTYNHOTO CIIiBBIIHOIICHHSA
1
Py, (L, T)
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1 t )
| Vgl
Pup s (t,z)

d3 (ta) | 1 ()
—\Vu gl — [V (4.127)
p

[Toeanyioun 3a3naveni Biactupocti 3 (4.124), (4.125), (4.44), (4.115) Ta
upr € LV (0, T; WY (Q)) Vi e N 3a (4.117),(4.121),

i 6epyun g0 Barm ominky 1 < 1+ = p~ < p™ = 2 < 2p~, Gaunmo, mo Bci
nepeymMoBu Teopemu 1.4.2 Bukonyorbesa. Otmxke B cuty (4.123), BracTuBicTsb

(4.125) MoKHA TIOJATH y BHUIVIST

(4.128)
Cﬂa6Ko B L (QT RQ) pu k — 00.

Kpok 4. Ha oMy Kporii mmokazkeMo, 1o rpanndHa mnapa (v, u) mos’s3aHa
inTerpasabaoio ToroxkuicTIo (4.48). CrouaTKy 3ayBazKHMO, IO Up j € CIAOKHM
posB’sizkoM (y cenci posmopiny) (4.106)—(4.108) 3 n =k, e, = 1/k i v = v.

OTxe, Uy, ) 33/I0BOJIbHAE IHTErPAJIbHY TOTOXKHICTD

0 1
/ ( U, ka—f + - (Vuk,k, VQO) + (Auk,k—l (t, x, Vuk’k), VQO) + /iuk;’k()O) dxdt

:Kj/ (f—vk)gpdxdtJr/fogOh:odx Ve d (4.129)
T Q

Jyist Toro, 1mob BCTAHOBUTH aHOHCOBAHY TOTOXKHICTD JIOCUTH CKOPUCTATHCS
practuBocTsMu (4.128), (4.115) i (4.111) ra nepeiitu g0 rpanumi B (4.129) npn
k — oo.

Kpok 5. Ilokazkemo, 1o rpanndna napa (v, ) 3a0BOJIbHSIE €HEPIEeTHIHY
HepiaicTb (4.99). s mporo morpibHO nepeiitu g0 rpaHuii npu k — 00y

CITIBBITHOIIIEHHI]

o |

= / (f—vk)ukkdxdt+/f0d3: Vit e 0,T]. (4.130)

T

+ (Aupps (2, V), Vug) + mu%k) dxdt
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1110 SIBJISTE CODOI0 €HEPTeTHIHY PIBHICTS JIjs1 CJIaOKUX po3B’si3kiB 3a1a4i (4.106)—
(4.108) 3 n =k, g, = 1/k ma v = v. st nporo 3ayBazkumo, o cjiadbka 30i-
xkuicts B (4.115), 3a reopemoro CoboJieBa PO BKJIAJIEHHsI, TAPAHTYE OTOUKOBY
3012KHICTD

upp(t, ) = u?(t,)) mcoBQ s ws. t € (0,T).
Orxe, B ety oninkn (4.120), Maemo cubiy 36ixmicTs uf i (t,-) — u?(t,-) B

LYQ) anst me. t € (0,T) (B cuty Teopemn Jlebera), a orzke

1 1
= lim | uj(t,z)de = §/Qu2(t,x) dr g m.s. t € (0,7). (4.131)

k—o00 Q

Kpim Toro, Bpaxosytoun, mo L*(Qr)-HopMa € HalliBHelnepepBHOIO 3HU3Y BiHO-

CHO CJIaOKOI 3012KHOCTI 4 116 , MAEMO

hm/ /ukkdxdt //u dxdt. (4.132)
k—o0

3ayBaKNMO TaKOK, 10 BUXO/A4n 3 BaactuBocteit (4.123), (4.128) 1 (4.115),

Ma€eMO Takl 3012KHOCTI
Vugr — Vu ta Ay, (L, 2, Vugg) = Ay(t, 2, Vu) B LYQ7;R?) npu k — oo.

Ockinbku (Ay(t, x, Vu), Vu) € LY(Qr) (mus. (4.127)), T0 3a semoto 1.4.4 oTpu-

MYEMO OIIIHKY 3HU3Y

Ll
lim / / [E|Vuk,k|2 + (Auk,kq (t, x, Vuk,k), Vuk,k) } dxdt 2
Q

k—o0 0
t 1
= hm/ / [—\Vukk|2] dxdt—+
k—o00 0 9 k ’

t
+liminf/ /(Auk’kl(t,x,Vuk,k),Vuk,k) dxdt >

k—o0

4121
/ / u(t,z, Vu), Vu) dxdt. (4.133)

Omxe, mob mepeiitu 10 rparuii B (4.130), 3agumaeTbest 3’sCyBaTH aCHMIITO-
TUKY BUPa3y fQT(f — vp)uy i dedt upun k — 0o. BuBunMO 1€ Ha HACTYIIHOMY
KPOIli, BUKOPUCTOBYIOUM J1o0pe Bijomy jiemy Aubin-Lions’a.

Kpok 6. Haragaemo, mo sema Aubin-Lions’a MicTuTh KpurTepiii, 3a ssKIM

mHOKIHA DyHKINH € kKomnakTao B LP(0,7; B) pu p € [1,00), T > 0, ne B
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¢ banaxosuM npocropoM. Cranjgaprie (pOpMyIIOBAHHS II€T JIEMU 3BYUYUTDh TAK:
skiio U e obmexkenoro Mmuoxkunoto B LP(0,T; X) 10U /0t = {0u/ot : we U}
e oomexkennmu B L7(0,7;Y), 7 > 1, To U € BiIHOCHO KOMIIAKTHOI MHOXKIHOIO

B LP(0,T; B) 3a ymoBH, 110
X — B xommaktHO, B < Y HenepepsHO.
Hoxnasmm U = {upk}yopn, 3 (4.117)-(4.120) 3naxoqumo, mo
{uwr s} ey € 0OMeskenumu B LP (0,73 WHP () N L*(12)). (4.134)

Ockinbkn 3a Teopemoto Cobosiesa npo Braagenns WP (Q) — LP () kommna-

KTHO, TO 3 Teopemu Jlebera BUILIUBAE, 1110 BKJIAICHHSI
W (Q) N LA(Q) — L*(Q), L*(Q) — (W3(Q)) (4.135)

€ TaKOXK KOMIAKTHUM. KpiM TOro, BpaxoBYIOUW TOI (akT, MO I KOXKHOI'O

k € N dyuxuil uyj, € poss’sskamu 8 W (0, T') Bapiatiitaoi 3a1au4i

au;@k(t) 1
< ot , @ (WM(Q))';WLQ(Q) + /(; E (VU}C’]{;(t), VQO) dx

b [ 1wt V(). V) + wa(t)e] da
Q

= /{/Q(f(t) —u(t))pdr, Yo W2(Q) wme. 50,7,
(4.136)
uk’k(O) = fo. (4.137)

MIPUXOANUMO J0 OIIHKN

8ukk 1
- < — \V4 2 ||V 2 T2
|< 5 ,90>| \/%H up k|| 2(Qrir2) | Vool L2(0rir2) +

+ QHAUk,k—l (tv Ly vuk,k) HLl’Lk’kﬂC)(QT;R% HVQOHLP%J@A(')(QT;Rz)_f—

+ Ellunkll 2 @n 1l 2@ + I = vill 2@ el 2@r) <
< ((4.117)-(4.121))
<

S5+ 581+ 5l F g + rsup sl | el s+
S
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. 1/2
+ (1 + / ‘Auk,k—l (t7 Z, vuk,k) |puk’k71(t’x) dil]dt) X
T
X (LTI el 2o <

(4.118),(4.46) , -
< const||¢|| 20wy, Vv € L*(0,T; WH(€2)).

[Toenmytotn neit pesysbrar 3 (4.134) Ta (4.135), 3 temn Aubin-Lions’a summ-

Orxe,

)

ikl 2 < +oo. (4.138)
Ot |l 2wz (@)y)

Bae, 1o Muoxkuna U = {uy;}, oy € BiaHocHo komunakrrowo 8 LP (0,75 L*(Q)).
Otke, ugy — u cuiabno B LP (0, T; L2(Q)) upu k — oo. Ockinbku U € obme-

»enoro MHozkuHoto B L(0, T; L?(Q)), To 3Bijcu 3HAX0AMMO, 110
upr — u cumbio 8 L2(0,T; L*(Q)), mnpu k — oo, (4.139)

Takum 4mHOM, TOIAHOK fQT( [ — vp)ug i dedt € 106yTKOM CHIIBHO Ta CJIAOKO
36izkHux nocigosrocreit B L2(0, T L?(2)). Orxe,

lim (f —vp)up dedt = / (f —v)udzdt. (4.140)

k—o00 QT T

Takum 9uHOM, 3 OISy Ha OTpuMaHuit Habip BiaactuBocteit (mus. (4.131),
(4.132), (4.133) Ta (4.140)), rpamuaanii nepexif y (4.130) npu k — oo mpuso-
JUTH JI0 AaHOHCOBAHOTO CIiBBifHOIIeHHST (4.99).

Step 7. Ha 3aBepiiieHHs 3a/IMIIAE€THCA 3ayBayKUTH, 1110 3aBJIAKH BJIACTUBO-
crsim (4.47), ki Gy BCTAHOBJIEHI Ha TOTEpEeHIX Kpokax, Maemo: J(v,u) <
+oo i u € Wy(Qr). Kpim Toro, 6ys0 mokasaHo, Mo B MbOMY BUIIAJKY MOCJTi-
JIOBHICTD {ukk} reN 3A/10BOJIbHSIE BC1 BUMOTH, 9Kl 3a3HaU€Hl y o3HaveHHl 4.3.2.

Orke, u € Wy(Qr) € Wy-nocszkanm ciabkum po3s’s3kom 3agadi (4.106)-

(4.108). m

Bepyun 110 yBaru 1eii pesy/ibTar, HoKazKeMo, 110 BUX1Ha 3a/1a9a OITHMA b
woro kepyBauust (4.109) mae poss’szok. lleit dakr GesnocepeHbO BUILINBAE

3 Teopemu 4.4.1 i Toro, 1Mo MHOYXKHHA JIONYCTUMHUX PO3B’I3KIB = OOMEKEeHa B
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L*(Qr) x LP (0, T; WP~ (Q)) (us. oninku (4.100)—(4.103) Ta (4.122)), a ui-
JTpoBHI byHKIIOHAT J(v, %) € HAIIBHEIEPEPBHUM 3HU3Y BiIHOCHO CJIAOKOI TOTIO-
norii L2(Qr) x (LF (0, T; W™ (Q)) N L>(0,T; L*(R))). Orxke, K HACIIIOK
[PSIMOI0 METO/ly BaplalllifHOrO YUCJIEHHS, MOXKEMO 3aBEPIINTHU I1efi BUCHOBOK

HaCTYIIHUM YMHOM:

Teopema 4.4.2. Hexati f € L*(Qr), fo € L*() i va,vp € L*(2), de vy(x) <
vp(x) Mm.c. 6§, € 3adanumu posnodisennamu, i vexat k >0, 0 >0 i >0
pixcosani cmani. Todi, npu xoocromy 0 < w < T, 3adavwa onmumanrvbro2o

kepyearns (4.109) mae npunativmmi odun poss’asox (v°,u’) € Z.

4.5. AnpoxkcuMaillis po3B’d3KiB ocj1abJieHol 3a7a4i ONTUMAJIbLHO-

ro KepyBaHHA

Hexail €, gK 3a3Bu4ail, € MaJIM IapaMeTPOM, sIKIil MOKe MIHATH CBO1 3HAUYEH-
Hsl B MeKaxX CTPOIrO CHaJHOI TOCJIIOBHOCT1 JO/IATHUX YUCEN, SIKI MPAMYIOTH JI0
0. [Io6 3’sdcyBaTn, 91 MOXKHA JIOCATTHU 3 MEBHOIO TOYHICTIO JEAKI ONTHMAaJIbHI
mapu JjIsl BUXiJHOT 3a/iadi onTuMaibHoro KepyBans (4.109), ckopucraemocst
KJIIOYOBUMU 1JIesIMU, 1110 TIOXOJAThH 13 Teopil 30ypeHb Ta BapialiifHol 3012KHOCTI
3aJ1ad yMOBHOI MiHimizamil [27,45,50]. st 1iporo posrisiHeMy HACTyTIHE Cimeii-

CTBO 30ypEHNX 3aJ1a9 ONTUMAJIBHOIO KepyBaHHS
MinimisyBatn J.(v,u) #a muOXKHHI (V,u) € =, (4.141)
e
u [T
JE(U, u) = HUH%Q(O,T;Ll(Q)) + %/T /Q‘U(t, .CC) - f()(x)’2 dxdt (4142)

aZ. C L*(0,T; LY (Q))x L*(0, T; WP (Q)) € MHOXKMHOIO JOIyCTUMEX PO3B’ 13-

KiB, sIKy O3HAYNMO 3a MPaBUJIOM: (Ug, U.) € =, AKIIO

( )

Ve € Vada Ue € Wug(QT); J&(Us:us) < +OO,

-

u. € C([0,T]; L*(2)) N L2(0, T; W2(Q)) € Wy-nocsoknum o (4.143)

ciaabkuM poss’saskom 3ajadi (4.106)—(4.108) npu 3amaHoMy .. )
\
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Bepyun no ysaru teopemu 4.3.1 1 4.4.2, MOKHa 3a aHAJIOIIE€I0 BCTAHOBUTH

TaKWUil pe3yabTar:

Teopema 4.5.1. Hezati f € L*(Qr), fo € L*(Q) ma vy,v, € L*(Q), de
V() < vp(z) Mmec. 6, € 3adanumu posnodisernamu, i nexat k > 0 € dirco-
6ano1o seaununoto. Todi npu xkoorcnomy € > 0 ma 0 < w < T, icnye npunatimmi

odun poss’sazox (vV2,u?) sadawi onmumanvrozo xepyearna (4.141).

OcHoBHa MeTa IIbOI'0O Haparpady — MoKa3aTH, 110 ocjaadJIeHa 3aa4a OITH-
MasibHOTO KepyBanHs (4.109) moxke OyTH YCIINTHO arnpoKCUMOBAHA 3a/[adaMi
(4.141). e osnauae, mo icuye Taka napa (v¥,u’) € Z, mo

0,0y __
J(,u") = inf J(v,u),
(v,u)eE

: 0,0\ _ iy _ 70,0 ,0
1_1_1)1% J(vZ,u.) = ll_r% (ULI)EEE J-(v,u) = J(v",u’),

(v, 1) — (v°, 1) npu & — 0 B nesniit TonoOTii.

Pozmnounemo 3 JOMOMIXKHIX TEXHITHIX PE3YIHTATIB.

Jlema 4.5.1. Hezati f € L*(Qr) ma fo € L*(Q) e sadarumu posnodisenmsamu.

Hexati {(v-,u.) € E.}._,, € nocaidosnicmio donycmumuz nap {v:}. .o, Axa €
obmesicenoro 6 L*(Qr). Todi snatidemves cmana C > 0 maka, wo
Su% [Hu5|lL°°(O,T;L2(Q)) + HVUEHLp*(QT;R% <C. (4144)
E—

Hosedernsa. 3 toro, mo {(ve, uz) € E.}, ) € CYKYIHICTIO JOIyCTUMEX AP JJIst
BiIOBIIHEX 3a/1a4 KepyBanus (4.141), BumiuBae (nus. reopemy 4.3.1 Ta Hac/Ii-
10K 4.3.2), 1m0 npu KoxKHOMY € > () BOHU HOB’si3aHi MizK c0O0I0 iHTErpabHOI0

TOTOZKHICTIO

9,
/ (—ugg—f +e(Vus, Vo) + (A (t,x,Vu.), V) + /fuggo) dxdt

:/-43/ (f—vg)goda:dt+/fog0|tzodx Ve d. (4.145)
T Q

1 38/I0BOJILHSIOTH €HEPIeTUYHY PIBHICTH

1 t
3 / u? dv + / / (e|Vue? + (A (t, 2, Vue), Vue) + ku?) dds
Q 0 Jo
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—h:// ugdxd$+/f0dx st M. t € [0, 7). (4.146)

Toxi 3a anasoriero 3 goBejerHsM Teopemn 4.3.2, a Takox 3 (4.146) 3Haxommo,

1110

SUP.~q ||[te|| (0,7 12(0)) < V26CY,

- .
SUP.-g | Ve o (g, ey < (1 + TN (ATRCE+5)7, & (4.147)

SUPesg | Ve || 2pime) < 75Ch

/

ne C) = HfHL2(QT +2 Hf0HL2 +SUp.~q ||U€HL2 (Qr)- THM caMuM IPUXOAUMO JIO

aHoHCOBaHOI oriHku (4.144). [

bepyun 110 yBaru 1eit pesysabraT i 3aJydalodn apryMeHTH 3 JOBeJIeHHs Te-
opemu 4.4.1, MoOXKHa IOKa3aTH, 1110 cjiabKa LQ(QT)—KOMHaKTHiCTb JIOITYCTUMUX
KepyBaHb /Il 30ypeHrX 3ajlad ONTUMAaJbHOrO KepyBaHHsi (4.141) nosBojisie
BCTAHOBUTHU JIesIK]l BJIACTUBOCTI KOMIIQKTHOCTI JJIS BIJIIOBIAHOI IIOCJI1JIOBHOCTI

JIOTTYCTUMIX PO3B’SI3KiB.

Jlema 4.5.2. Hexati {(v-,uc) € E.}. 4 € nocaidoswicmio donycmumuxr nap

daa 3aday onmumanvrozo kepysanna (4.141). Hpunycmumo, wo v. — v 6

L*(Q7). Todi npu sadanux f € L*(Qr) ma fo € L*(2), maemo:

u. — u cuvno 6 L*(0,T; L*(Q)), (4.148)

u. —u caabko 6 LP (0, T; WH (Q)), (4.149)

eVu. =0 caabko 6 L*(Qr; R?), (4.150)

Pu.(t,2) = pyu(t, x) pisnomipro 6 @, (4.151)

eVue + Ay (t,x, Vu) = Ay(t,x, Vu)  caabro ¢ L7 (Qr;R?),  (4.152)

de (v,u) € =.

Hosederna. OckiabKy st KoyKHOro € > 0 dyHKIsS U, € Wo-nocsKaum cad-
KM po3B’s3roM 3ajadi (4.106)—(4.108) mpu v = v, TO 3BijcKU BUILIUBAE, IO
MOKHa, cKopucrarucst anpiopunmu orinkamu (4.84)-(4.88). Orxke, icmyBamms

esieMenTa u 3 BiaactuBocTsvu (4.149)—(4.152) surinsae 3 Teopemu 4.3.2. 11106
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BCTAHOBUTH TOM (baKT, 110 1apa (v, u) € JOMYCTHMOIO JIJIst 0CJIabJICHOT 3a/1ad1 Ke-
pysants (4.109), MOKeMO 3aCTOCYBATU apryMeHTH jioBejieHHst Teopemu 4.4.1.
3auIIaeTbcs 3ayBaXKUTH, IO JIJIsT JIOBEJICHHS BJIACTUBOCTI CHJILHOI 30iKHO-

cri (4.148) gocTaripo B3ATH /10 yBarm oOMeXKeHicTh mocinoBrocTi {u, }

LP (0, T; Wt (Q)) (nus. (4.149)) Ta oninky

e—0 B

ou
(%0} < elvictonme IVl mrt

+ 2| Au. (8, 2, Vo) | o o mey | VOl L0 ey +

+ Klluell 2 onllell r2@r + I = vell2on el 20y <
< (mmB. (4.147))
<

Jconst + 11 Fl2(0r) + #5104 x| Il 0100 +
S

1/2
+ (1 —|—/ |A, (t, 2, Vi, )|Peet2) da:dt) X

1/2
x (1+ TINY? ol r2(gr) <
< const||¢| 202w, Ve € L0, T; WH(Q)).

Toni (4.148) € nacaigkom jemu Aubin-Lions'a. OJ

OcHoBHE NIUTaHHS, siIKe MU 301PaEMOCs OOrOBOPUTH JaJli, 11e 3012KHICTH MiHi-
MyMiB B (4.141) o mirimasibioro 3uadents B (4.109) 3a yMOBH, 110 € TPSAMYE 10
HyJId. [HIIIIMA cJioBaMu, MeTa TOoJIsiTae B TOMY, 1100 TIOKA3aTH, 10 JIesdKi ONTH-
MaJsibHi po3B’sa3ku 3ajadi (4.109) MOKyTh OyTH AITPOKCHMOBAHI PO3B’I3KAMU
sasaq (4.141). st 1iboro CKOpHCTAEMOCs GA30BUMIE PE3y/IbTaTaMi Teopil Bapi-
arifinol 36izkHOCTI 38149 yMOBHOI MiHiMmizarii [43,50,51]. Posmounemo 3 geaxux

IOTIEPE/IHIX pe3yIbTaTiB.

Jlema 4.5.3. Hexati {(v-,u.) € E.}._,, € nocaidoswicmio donycmumuxr nap
maruz, wo {v.}. ., € obmeocenumu 6 L*(Qr). Todi snatidemvea dymryis

u € W (Qr) 3 eaacmusocmamu (4.148)—(4.152) maxa, wo

(v,u) €2 i J(v,u) < liminf J. (v, ue). (4.153)

e—0
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osedenns. lane TBepizkenHs Oe3mocepeiHbLO BUILINBAE 3 jemu 4.5.2 Ta Biia-
cTuBocTi HamiHenepepsHocti suuzy L2 (Qr)- ta L2(0, T; L1(Q2))-nopm BignocHo

cnabkoi 36izknocti L2(Qr) x LP (0, T; WP (Q)). A came, pesyabTaTi Maemo

lim [0ell 720 721 ) = N0llZ2 0720 @)
T
tim [ () — foll2age dt = / utt, ) — foll2age .
]

[Teprn HizK TPOTOBKUTH JIaJIi, 3ayBayKUMO, IO MOYATKOBO-KpaiioBa 3ajada
(4.106)—(4.108) moxke He MaTH €UMHOTO PO3B’sI3KY TpH (DIKCOBAHOMY KepYBaH-
Hi (quB. Teopemy 4.3.1). 3 oy Ha 1€ MU BU3HAIUMO OiHAPHE BiHOIIECHHSI
(L;Z.) Ha KOXKHIil 13 MHOXKIH =, 3a mpaBuiom: (v, ue) L (V-,u:) Tomi i Tiab-
KU TOJIi, KOJIK V. = V- M.C. B Qp. Jlerko 6auuru, mo (L;=.) € BijHOMmEHHAM
ekBiBasieHTHOCTI. OT2Ke, HaJlaIl He OyIeMOo PO3PI3HATH apHu, IO HaJIeXKaThb J10

OJIHOI'0 KJIaCcy €KBIBaJIEHTHOCTI.

Jlema 4.5.4. Jlaa woorcnozo xaacy exsisasenmmuocmi =/ L(v) 3 v € Vg 3Ha-
tidemwvcea napa (v,u) € Z/L(v) i nocaidoericmo {(ve, u:) € Ec}.o 3 6aacmu-
socmamu (4.148)—(4.152) maxi, wo

ve = v 6 L*(Qr), i J(v,u)>liminf J.(v.,u.). (4.154)

e—0

Hosedenna. Hexait v* € V,q — J0BiIbHE jonycTuMe KepyBanHsi. Hexait

=/L(v*) = {(v*,u) € B}

€ BIJIMNOBITHUM KJIACOM €KBIBaJIEHTHOCTI.

Busnaunmo nocstigoBricts nap {(ve, ue) € Zc}.. ) HACTYIIHUM YMHOM: U, =
v* npu koxkHOMY € > 0, a u. € cjabkuM po3s’siskoM 3ajaui (4.106)—(4.108)
3 v = v* B cenci ozuadennd 4.3.1. Toji, 3a/iyJdaioun apryMenTu 3 JOBeJEHH
jgemu 4.5.3 ta Teopem 4.3.1 1 4.3.2, MmoxkHa nokasaTu, 1o icuye Wy-mocsrKunii

posB’szok u* € W(Qr) samaqdi (4.106)—(4.108) rakuii, mo (v*,u*) € = i
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u. — u* cunbno B L2(0,T; L*()) (aue. Biaactusocti (4.148)—(4.152)). Otke

(v*,u*) € Z/L i BUKOHYIOThCSI TaKi CIiBBIHOIIEHHS

?_1% HvsH%Q(O,T;Ll(Q)) = HU*H%Q(O,T;Ll(Q))’
T T
1' .) — 2 = * ) — 2 .
iy [ et ) = Alfyde = [ () = flfe
3BiJICH TPUXOMMO 10 BUKOHAHHS BiacTuBocreit (4.154). O

[Tepeitiemo 10 JJOBeIeHHST OCHOBHOTO pe3y/IbTaTy JIaHOrO raparpady.

Teopema 4.5.2. Hezati f € L*(Qr), fo € L*(R2) ma vy, vy € L*(Q) € sadanu-

0,0

MU posnodinennamu. Hexai {(va,ug) € E€}5>0 € NOCAIJOBHICTNIO ONMUMAND-

nux nap oas eidnosionux 3aday kepysanns (4.141). Todi snatidemves napa

(0%, u®) € 2 maxa, wo 3 mounicmio do nidnocaidosrocmi (v, ul) — (v, u’) 6

€r e
cenct (4.148)(4.152) i npu yvomy

inf J(v,u) = J@%u’) =lim J.(v2,u?) = lim inf J.(v,u). (4.155)
(v,u)€E, e—=0 e—=0 (v,u)e=.

0,0

Hosedenns. Hexaii {(Ug, ul) € E€}5>0 — 3aJaHa ITOCJI1IOBHICTb ONTUMAJJIbHIX

map Jyist 3aa4 (4.141). Buxoggdau 3 o3HAYEHHST MHOXKUHHU JIOMYCTUMEX Kepy-

BaHb V,q Ta anpiopHux oriHok (4.84)—(4.88), MoyKHaA MMOKA3aTH, IO TOC/IITO0B-

0,0

micrs {(v),ul) € E.},__, € KOMIAKTHOWO BigHocHO 36iKmHOCTI (4.148)(4.152).

. B . . O 0 ,:
OT2Ke, MOXKEMO BBasKaTH, 110 ICHYE I AII0C/ I J0BHICTD {(vsk, ug ) € Eee ) reny 110
0 ,0

CJIJIOBHOCTI ONTHMAILHEX PO3B’A3KiB i mapa (v*,u*) Taxi, mo (vg,,uy,) —

(v*,u*) mpn €, — 0y cenci (4.148)—(4.152). Toni 3 memu 4.5.2 BurnBae, 1o
(v, y*) € Zi

.. . e 0 0
liminf min J;, (v,u) = liminf J. (v, u,,)
k—oo (U,U)E ey, k—oo

(4.156)
= J(vhu') 2 i J(v,u) = J(u",u’),
v,u)E =
ne (v¥,u?) onrumasbrow naporo s (4.141).

Hexait Z/L(v%) = {(v",u) € E} € BianosixHnM K1acOM eKBIBaJIEHTHOCTI.

Bposymino, mo (v°,u") € Z/L(v°). Ockinbku u’ € Woy-pocazxnum ciabKum

posB’aszkoM 3ajadi (4.106)—(4.108) npu v = v° (dbakruuno, (v°,u’) e rpanunero
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MiHIMIZAII#HOT TOCTiIOBHOCTI ), 3 Jiemu 4.5.4 BUILIUBAE, M0 ICHYE TOC/IIOBHICTE

{(%7.) e Ef}e>o 3 BractuBocTamu (4.148)—(4.152) raka, 1o

J(@%u") > limsup J.(2°, 4.).

e—0
OTxke,
min J(v,u) = J(v",u")
(vu)e =
> limsup J.(v°,4.) > limsup min  J.(v, u) (4.157)
e—0 e—0  (vu)EEL

. . 1 0 0
> limsup min  J,, (v, u) = limsup J., (v, u, ).
k—o0 (Uvu) E‘:‘Ek k—oo

3sigcn ta 3 (4.156) orpumyemo

. . 0 0
liminf J,, (v, , ug,

m ) = limsup J., (2, ul ).
o0 k—o0

o
[Toenmytoun Terep (4.156) ta (4.157), 3Haxoanmo

J* u*) = J@°,u’) = min J(v,u) = lim min J,(v,u).  (4.158)

(v,u)eE k —o00 (v,u) € Ee,

Buxogan 3 riux criBBigHOIIEHb Ta TOro (akty, 1o 3agada (4.144) mae He-

TIOPOKHIO MHOYKIHY PO3B eI3KiB, MozkeMo BBazkarn, mo v* = v’ i u* pasom i3

u’ majexkarnb J1o ojporo Kiacy eksipajientnocti =/L(v?). Ockinbku pismicTh

(4.158) BukomyeTbest a1t yeix nignocaigosnocreit { (vf, ul)}

IJIMBAE, 110 Il MeXKl CIBIIaIal0Th, & TOMY (Uo,uo) € TpPaHuIero JiId BCIel T10-

cainosuocri { (02, vl . OTke, 3aj1y4aroum aHaJOrIdHl apryMeHTH, aJie BrKe
er el fe>0 , ;

c~gs TO 3BIJICU BU-

JIJI YCIET TIOCJI1JIOBHOCTI MIHIMI3aHTIB, OTPUMYEMO

liminf min J.(v,u) = liminf J. (v, w) > J(0°, %) = min J(v,u)
e—=0 (v,u)€=. e—0 (v,u)eE

> limsup J.(v°,2,) > limsup min J.(v,u)
e—0 e—0  (vu)EEL

= lim sup J.(v?, u?),
e—0

10 1 JJOBOJUTDH TEOPEMY. ]
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BucuoBku 510 pozmainy 4

Y 1nboMy pO3ii JUIs BIAHOBJICHHS HUQPPOBUX 300parKeHb, sIKi IOIIKOJIXKEHI
aQINTUBHUM Ta IMITYJIbCHUM IIIyMOM 3aIIPOIIOHOBAHO HOBY MOJeJb Y popMi 3a-
Jladl ONTUMaJIbHOIO KepyBaHHS Ha KJacl PO3PIJZKEHUX KepyBaHb I KBa3i-
JIIHITHOTO 11apaboJIiTHOr0 PIBHSAHHS 31 3MIHHUM ITOPSIJIKOM HeJliHiiftHOCTi. Xapa-
KTEPHOIO 03HAKOIO 3allPOIIOHOBAHOI 3a/1a4l ONTUMAJIBHOIO KepyBaHHs € Te, 110
SMIHHUI TOKA3HUK HeJHiHiiHOCTI p(t, ), a TAKOXK TeH30p aHi30TPOIHOI andys3il
D(t,x) He € BU3HAYEHNMH AIPIOPi, HATOMICTD Il XapaKTEePUCTUKU HEJIOKATHHO
3aJIe2KaTh BiJl PO3B’S3KY IOYATKOBO-KpaitoBol 3ajadi. OKpiM IIbOIo, B sIKOCTI
KJIACY JIONYCTUMUX KepyBaHb 00paHO KJiac abCOIOTHO IHTErPOBHUX (DYHKIII 3

KOMITAKTHUME HOCisIMU. OCHOBHUMU pe3yjibTaTaM1 JaHOI'O pOB,ZLiJ'Iy €:

1. g mouaTkoBo-KpaitoBoi 3ajadi Komri-Hefimana s kBazininiiinoro ma-
pabOJIITHOrO PIBHSIHHS 3 HEJIOKAJBHUM p|u]-T1ariaciaHoM BBEICHO TOHSIT-
st Wy-J0cs2KHUX €/1abKUX PO3B’SI3KIB Ta OTPUMAHO JIOCTATHI YMOBHU 1X

ICHYBaHHSI.

2. Ilokazano, 1110 3a 3po0JIEHUX NPUITYIIEeHb, BUXiIHA 3a/1a49a OITHMAJIbLHOIO

KepYBaHHS € II0OraHo 00YMOBJIEHOIO 1 BOHa, TOTPeOy€E MeBHOI peJiakcarlil.

3. HaBeneno BapiaHT jjis1 pesiakcaliil BUXiZHOI 3aJiadl Ta IIOKa3aHO, 10 B

IbOMY BHUIIaJKY MHOXKHNHa OIITHUMaJIbHUX pOSB’HSKiB HE € IIOPO2KHbLOIO.

4. 3aIpoIOHOBAHO CXEMY aIllPOKCUMAIIil /151 peJIaKCOBaHOI 3a/1a4i O THMATb-
HOTO KepyBaHHs Ta IOKa3aHO, IO ONTUMAJbHI Hapu Jijid Takol 3ajadi

MOKHa HAOJIM3UTH pOSB’HBKaMI/I aHpOKCHM&LLiﬁHMX 3aJayq.
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BNCHOBKMU

Huceprariitna poboTa mpucBsueHa 3a/jadaM ONTUMATLHOTO KEPYBAHHS JIJIsT KJIa-
Cy HEeJHIMHUX BUPOJZKEHUX EJINTUIHUX Ta MapabOJIvYHUX PIBHSAHb, a TaKO¥XK
JUTS KBa3i-JMHIMHTX TapaboiuHuX pIBHAHD 31 3MIHHUM MTOKA3HUKOM He TiHii-
Hocti. OcHOBHA yBara NpuILIsIETHCS MUTAHHSIM PO3B’ I3aHHOCTI TAKUX 3aJ1a49 Ta

['ojloBHUME pe3ysibTaTaMu POOOTH €:

1. OTpumaHo jocTaTHi YMOBH PO3B’s3aHHOCTI OJHOIO KJacy 3ajad OITH-
MaJIbHOI'O KepyBaHHd I cTalioHapHoro piBugannsg Ilepona-Mastika 3

KpaiioBuMu ymoBaMmu Helimana Ha MexKi 00J1aCTi.

2. 3amnpolioHoBaHa CxXeMa allpOKCHMAIl 3ajadi ONTUMAJILHOIO KepyBaHHsI
Jutd crarionapuoro pisaanag Ilepona-Maustika, skKa TpyHTyeThCd Ha 3a-
JIy9eHH] MapaMeTpU30BAHUX ONTUMI3aIliiiHuX 3aja9 3 (PIKTUBHUMEU Ke-
pyBaHHAMI B KOeillieHTaX TOJOBHOIO EJINTHIHOrO oreparopa. A Ta-
KOXK II0Ka3aHO, 10 KOXKHa 3 allPOKCUMAIIHUX 3ajlad Mae HEelOPOXKHIO
MHOYKHUHY PO3B’SI3KIB, & Oy/ib-sIKa IIOC/IiJI0BHICTh, 110 YTBOPEHA TaKUMU
PO3B’A3KaM1, € KOMIIAKTHOIO Y BIAMOBIIHIN TOMOJIOTII a KOXKHa 11 KJa-

CcTepHa TOYKa € ONTUMAaJILHOIO apoio JIJId BUXIIHOI 3a/adi.

3. OTpumaHo HEOOXI/IHI YMOBH ONTUMAJIBLHOCTI JIJIsT alTPOKCUMAIITHIX 38,12

Ta MMPOBEJIEHO 1X CTPOore OOIPYHTYBaHHS.

4. OTpuMaHO JIOCTATHI YMOBH PO3B’3aHHOCTI 3a/1a4ul ONTUMAJIbHOIO Kepy-
BaHHdA /I eBoJioniitHoro piBaanng [lepona-Maiika Ta 3ampornonoBana
cxeMa 11 allpoKcuUMallil, fKa I'PYHTYEThCI Ha 3a/IydeHH] mapaMeTpu30Ba-
HUX ONTHUMIBAIIITHIX 33084 3 PIKTUBHUME KEPyBaHHSIMU B KoedillieHTax
rOJIOBHOTO ollepaTopa. JloBeseno, mo KoxkHa 3 alpoKCUMAIliTHIX 3a/1ad
Ma€ HEMOPOXKHIO MHOXKIHY PO3B’S3KiB, a Oy/b-sKa IMOCJIiJIOBHICTh, sKa
yTBOpEHa TaKUMH PO3B’sI3KaM#, € KOMIIAKTHOIO Y BiJIIIOBIIHI{ TOIOJIOTIT i

KOXKHa 11T KJlacTepHa TOYKa € ONTUMAaJILHOIO 1Tapolo JIjIsl BUXIAHOI 3a/1a4l.
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5. 3 MeToro BijiHOBJIeHHST TN POBUX 300parKeHb, SIKi MOIIKO/IZKEH] &I INTHB-
HUM Ta IMITYJIbCHIM TITYMOM, 3aITPOIIOHOBAHO HOBY MOJIEb Y (popMi 3a 1adi
ONTUMAJBHOIO KepyBaHHS Ha KJacl pO3pIJzKEHUX KepyBaHb Il KBa3i-
JIHIHOrO 11apadoJIigIHOr0 PIBHSIHHS 31 3MIHHUM ITOPSIJIKOM HeJIIHIITHOCTI
Ta BUPOJZKCHUM TEH30POM aHI30TPOIHOI Judy3il, siKi HEJIOKAJIBHO 3aJie-

»KaTb BiJI pO3B’SI3KY IOYATKOBO-KPalioBOl 3a/a4i.

6. /lnsa mogarkoBo-KpaitoBol 3aa4i Kormi-Hefimana jy1s kBasitiniiinoro ma-
pabOJIITHOrO PIBHSIHHSA 3 HEJOKAJIBHUM P|u]-JamiaciaHoM BBEJIEHO MOHSI-
118 Woy-n0CaKHUX CcJIaOKNX PO3B’SI3KIB Ta OTPUMAHO JIOCTATHI YMOBH 1X

ICHYBaHHSI.

7. HaBejeno BapianT Jijid pejakcallil 3ajadi BiJIHOB/IEHHs NG POBUX 300pa-
JKeHb, OTPUMAHO JIOCTATHI yMOBHU 11 PO3B’SI3aHHOCTI, Ta 3aIlPOIIOHOBAHO
cxeMy 11 allpoKCUMAaIlil JIJIs peJIaKCOBaHOI 3a/1a4l OIITUMAJJIbHOTO KepyBaH-
H 1 TOKa3aHO, 110 ONTUMAaJbHI APy JJIs TaKOl 3a/1a4l MOYKHA HAOJIN3UTH

PO3B’sI3KaMHI BIJIITOBIIHUX AlIPOKCHUMAIIHHIX 3a/1a4.
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rom 2022-2024 pokiB, (kepiBHEK ceMminapy: ja.d.-Mm.H., mpod. H. B. Tlapdino-
BIY );

— Department of Information Engineering, Electrical Engineering and Appli-
ed Mathematics, University of Salerno, (kepisauk ceminapy: Prof. C.D’Apice);

— Kadenpu jaudepeniiajgbHux Ta iHTerpaJibHUX piBHsSIHb KHIBCHKOro Ha-
rioHa/bHOTO yHiBepcuTery iMeni Tapaca [lledenka, (criBKepiBHUK ceMiHapy:

1.¢d.-m.a., mpod. O.B. Kamycrsn).
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JIOJIATOK B

B oMy J10/1aTKy HaBEJIEHO PE3Y/IbTaTH MOJICIbHUX PO3PaXyHKIB, siKi 110B’ si3aHi
3 IPO0JIEMOIO 00e3IIyMIeHHSI TIU(OPOBUX 300pazkeHb. 3a OCHOBY OyJIO B3sITO
JIEKIJIbKa CYyIYTHUKOBHUX 3a0parkeHb, JOCTYII J0 STKUX OyJI0 HaJIaHO KOMIIAHIE0
Earth Observation System Data Analytics (EOSDA). Bei 300paskentst micTsiTh
IIEeBHI JIJISTHKU arpoyTrijb Ha TeopuTopil YKpaiHu. 3o00pazkeHHs: Oy/iu 3po0JieHi
cynmyrankamu Sentinel-1 1 Sentinel-2 B 2019-2022 pokax.

It pospaxyHKiB Oysra 3ajydeHa Mojesb onTuMizariiinoi 3agaqi (4.141)—
(4.142), B skiit 6ysno noknageno a = 21, T'=1, w = 0.01, p = 2, 6 = 0.01,
o=1p=3 h =001k =1, v(x) = 01 v(z) = 255. Pospaxyuxu
nposoamincsa B Matlab R2021b.
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